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Almost n-duals of some sequence spaces
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Abstract

Ansari and Shukla [1] have generalized the notion of a-duals and developed the concept of almost n—duals by using the
concept of absolutely almost convergence. P Chandra and B.C. Tripathy [8] have introduced the concept of n-duals. We
have introduced the concept of almost n-duals and determined almost n-duals of some sequence spaces.
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INTRODUCTION

After Lorentz [6] introduced the concept of almost
convergence. Das, Kuttener and Nanda [3] have developed the
concept of absolutely almost convergence of sequence space. o
and B-duals were defined by Kothe-Toeplitz [4] in scalar form which
was later generalized in operator version [7]. Using the concept of
almost a-duals developed by Ansari & Shukla [1] and the concept of
n-duals developed by P. Chandra and B.C. Tripathy [7], we have
developed and determined the almost m-duals of some sequence
space in this paper.

Some definitions and Relations

The idea of the dual sequence spaces was introduced by
kéthe and Toeplitz [4] whose main results concerned with a-duals;
the a-dual of E — w [where w is the linear space of all complex
sequences and E denote a set (ora space) of complex sequences] is
defined as

o o0
E ={a=@K ew: ;Iaml < oo, for all x = (xK) €E}. Let

¢, ¢ and /> be the Banach spaces of null, convergent and bounded

sequences x = (xK) respectively with Il x l° = >P 1 xK |, Let D

be the shift operator on /°° i.e. D(x1) = x D+1. |t is proved that the

o
o-duals of ¢O, ¢ and [*, respectively being denoted by , ¢ and

which are equal to /1 (where Il is the space of absolutely

convergent series) and the almost a-duals of 0, ¢ and 1 is -

which is the space of absolutely almost convergent series. In our

case, the almost m-duals of cO, ¢ and [ is I, (for0<r<1)
which is the space of r-absolutely almost summable sequences. This
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is a natural extension of L, .
Again, the Banach limit L [2] is a non negative linear

functional on [* such that L is invariant under the shift operator i.e.
LMDOK)=L &), xel®”andL (¢) =1 where e = (1, 1,

| IR ). Lorentz [6] has defined a sequence x € [*° to be almost
convergent if all the Banach limits of x coincide. Let denote the set
of all almost convergent sequences. Lorentz [6] proved that

¢ (1

¢ x = b 1;g[mj§x,m exists uniformely in n}. Das,
Kuttener and Nanda [3] have introduced the concept of absolutely
almost convergent series.

Leta= S be an infinite series of complex numbers and  be its

i=0

sequence of partial sums i.e.

xN=a0 +al +22 4+ ... + all,

Define

dk, n g
1 k
dk’ n— dkv n (X) = k+1§xn+i (k>0, n 20)
By taking d0, n =d0. n (x) = xn — 1
We then write fork, n >0
q)k, n_— q)k, n(g)=gk+l,n_gk
then ¢0. 1 = an

and ok.n=

1 ¢ ;
i gD+
k(k+1),.§l alti(k > 1)

Then the series a = Y (or the sequence x = (x0)) is said to be

absolutely almost convergent series, ika%'%,n | converges uniformely
inn.

We write ito denote the set of all absolutely almost
convergent series.

Also, the sequence x = (x) is said to be r-absolutely almost

summable sequence if >.10..1" converges uniformely in n (where 0
k=1



<r<1). We write L, to denote the set of all p-absolutely almost
summable sequence.

Using the concept of absolutely almost convergent series.
Ansari and Shukla [1] has introduced the concept of almost I-duals
as,

If E is a set (or a space) of sequences of complex numbers,

the almost n—-dual of E is denoted by  and is defined as

T

i=1

={a=@K) e w: Z

= k(k +1)

< oo, (xK) € E uniformely in n}.

Using the concept of almost m—-duals introduced by Ansari &
Shukla [1] and the concept of n-duals developed by P. Chandra and
Tripathy [8], we introduced the new concept of almost n-dual. Thus if
E is a set or (a space) of sequence of complex numbers and 0 <r <

1; then the almost n-dual of E denoted by
') 1 k

EN D Sl ) JCHTE ¥
={a=@h: Z{k’(kﬂ)’ ; e

no, .
E" is defined as

r

<o, (xK)e

E uniformely in n}.

Theorem : 1. The almost I-duals of Null, convergent and bounded
cg] =N zli zi,;V

sequence are 0<r<l.

Where

~ oo 1 k r

bk Y Yia,, |
={a=(ak): ij’(kﬂ)r Zt +| < oo, uniformely for

eachn,where 0 <r< 1}

Proof : Since c¥ c ¢ < 1

- N e c(T;‘.
Therefore, we show that

=]

@ "= o

and (i) It is sufficient to show that <o <! 5o that the theorem is
complete.

(i) Let (xK) € 1 and (ak) e ’r ie. (ak) be a sequence of

r

< oo Uniformely in

k

z Ly,

1
complex numbers such that Zm

n.

Letyn= Yacx , dkn = Zm, (k>0.n>0)
k=l

k+1i3

k
andok. n = Z i Xu (k21)

Then,
Dlop, " S
k=1 ¢ 2

1
k(k+1)

r

k

Z i Xpsi

k(k+l), 1

k r

z an-H xn-H

) y—

o k" (k+1)"

r

k

Z Layy

r oo
<suplx, ;| > 1
T Igige ik e+
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r
oo

k
=M Z/<(1<+1) Z i

supl x,,; I<oo )
i21

(where M =

< oo forall n.
Thus,

zl ¢k,n Ir
k=1

< oo forall n.

Al

Hence (ak) e
7 —n
- I, cl,
conversely, suppose that (ak) be a sequence of complex numbers

7
e but (ak) ¢ l’le Z

k "

z an+i

= oo

k
such that (aX) e L (k+1)

for some n.
Define a sequence x = (xK) where xk = sgn ak, for every k,
Then. (xK) € 1°°, putting x1 + 1 = sgn an +1

We get
oo k r
Ek'(k+l)' glanﬂ' Xp+i
kz:: |k +1) n+i SEN Ay,
IR i ’
= la, ;| = o
Tk k+D)" S
k r
= Z;k (k+1) Z L,y Xsi| = oo where (xK) e [°°
L - 1
which is a contradiction that (ak) e ‘=
q
- l.cl,
Thus,
Al ci,
(ii)Now, it is sufficient to show that
el

Let (ak) be a sequence of complex numbers such that
[

r

(ak) e 0 ut (ak) ¢

= 1 Lo
1 R — ra .. =
i.e. ;k’(kﬂ)’ ZZI: i oo for some n.
T N ) N
sinc Lyl < Al =
=l 3 <k+1> ’ § z.
0 r i
AR <1
;“"H { k(k+1) }
= |2 aui| = oo, for somen.
i=1

= D2 aui = oo, for somen.
i=1

j—t Zan+i Szlanﬂ'l = 0o,

Define x = (xK) such that xk = 0, .

sgnda,.;

i )
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Then (xk) e ¢0. But
oo k
kZ z i Xni

r r

oo

=2

1k'(k+1)

Ap=i

(k+1)

o 1 k , r
= ;(k(kﬂ);la””lj

-1 1 , k
E[(E‘m)skj where sk = ;Ianﬂ.l

oo

Sy
since Z:'“»m" diverges therefore, kz_lf and

k

Zﬁ also diverges

Z 1ty .
= &% ke Sk diverges.

Sl o
= &% k+1)'| diverges. where 0 <r<1.

Therefore the series

r r

=)

gﬁﬁ: i i) = Z;G_ﬁjsk does not
converse. A

which is contradiction to the fact that (ak) e C(? )
Therefore, ¢ <1,

Hence e <1,

This completes that proof.

ALMOST n-DUALS OF GENERALIZED BOUNDED SEQUENCE

Let [* be the space of bounded complex sequence and

p = (pK) denote a strically positive numbers. Lascarides and
Maddox [5] have defined the sequence space.

Pk
12 (p) = (x= (<K : SUPIIIT o)

In this section, we have determined almost (-dual of
generalized bounded sequence of scalars.

Theorem : 2. Let pK > 0, for every k, then
[lee(p)]n = ir (p), where
" (p)=

z{ kzk (k+1)

L

k
Pn+i
Z @ N

s

N

< ocouniformlyin n}

Proof : Leta = (ak) e r (p) and x = (xK) e 1°° (p) we choose

an integer N > max {l’supkljfk |”‘}
pk
lfsup IxKl <1
pk
= N>125up|xkl
but if sup | xK Ipk > 1

supl x, 17%
k21

In both above cases

= N>

suplx, 170
I<isoel

1
N Pn+i

— suplx,,; | <

|<i<oo|

r

N Pn+i

— suplx,;I" -

|<i<ool

Then,
ilq)k,n Ir = i
k=1

k=1

r

k
Z n+x xnﬂ

1
k(k+1) 5

k r

z anﬂ xnﬂ'

) ya—

k= lk (k+l)

suplx,,; |
= e ;k(kﬂ)

N

Zl N Pn+i

r

=)

<

ik (k+1)
< oo uniformely in n.
Thus g'q’kﬂ " <o
=a=@aKe SRl
Therefore i’(p) < [l“(p)]ﬁ

conversely, let a = (ak) e (]! but (ak) ¢ Lr(P)
= Janinteger N > 1 such that

S

= ]k (k+1)

1
k

Pn+i
Z @y N

= o0

1

N sqn ak. we have x e °°(p) but

r

choose xk =

e

ol 24 (k+1)

k

z Layyi Xpti

1
k

P+
Sl 1N

r

[V]g

= o0

k=1 k (k+1)

which is contradiction that (ak) & = ()]

0 s
Therefore, U=(P)" =1-(P)
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