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T. Balasubramaniam and A. Pandiarani [1] have defined the sequence spaces I'(x). A (x),
G(x) and have studied some topological property of their Kéthe-Toeplitz duals in operator
form. In this paper we define the new sequence spaces I'g(x, p), Te(X, p) and T'o(,p) and

have studied some topological property of their Kéthe-Toeplitz duals in operator form.
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Introduction

The idea of dual sequence spaces was introduced by
Kéthe and Toeplitz [6]. In fact, the basic problems in the theory
of complex sequence space or scalar valued sequence space
deal with the transformation of complex sequence by infinite
matrices of complex numbers. The basic results in this regard
may be seen in the books of Cooke [3] ,Hardy [4] and Maddox
[5].

When the infinite matrices of complex numbers operate
on a complex sequence, we come across an infinite series
whose convergence has given rise to the concept of B-duals
also called as Kothe-Toeplitz duals. Thus if E is a set of

complex sequences, then B-dual of E is denoted by EP and is
defined as

P fa=(ag) € o: Zak X, converges for all x = (xk)
k=1
€E, where w is the set of all complex sequences}
The main result of Kéthe and Toeplitz [2] is concerned
with o-duals. If o is the set of all complex sequence spaces,

then the a-dual of E, (where E < o) is denoted by E* and is
defined as

E%={a=(ay) e o: > |agX| converges forall x =
k=1
(k) € E}
An account of the theory of a-duals in the scalar case
may be found in G. Kéthe [6]. Another dual, the y-dual of the

set E — wis denoted by E¥ and is defined as
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k=1

EV={a=(ak) € o:supn <ooforallx=<xg>

e E}

After Robinson’s paper in 1995 [7] where in he
considered the action of matrices operators on Banach space
valued sequence, a decisive break occurred. This gave the
concept of generalized Kéthe-Toeplitz duals as given below.

Let X and Y be a Banach spaces and E((X) is a set of X-
valued sequences i.e. E(x) is a non-empty set of sequence x =
(xk) with xk € X. The several generalized Kéthe-Toeplitz duals

arise when the element complex sequence (ak) of a-duals and
B-duals set is replaced by a sequence (A) of linear operators,
where each Ay is a linear operator from X into Y. Thus, we
define B-dual of E(X) as

EB(X) ={(Ag): i(Aka) converges in Y, for each
k=1
(xk) € E(X)} and o-dual of E (X) as

EX(X) = {(A) : DIl AcXy || converges for all (xy) e E}
k=1
Furthermore, Maddox [8] has also given the convergence
of sequence of operators which are not necessarily bounded.

Notation and Terminology
We denote the set of all natural, real and complex
numbers by N, R and C respectively. A sequence x = (x) is

. 1
said to be an entire sequence if lim |x, [*=0 and a
kK —o0
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sequence x = (xk) is said to be an analytic sequence if
1
{Xk | } is bounded.
If (X, ||.]|) is any Banach space over C, then we define

00X, P) ={X =< X > X, Limit | I[% = 0}
—o

| (X, ) ={X =< % > X, Limit | %, %=1}
—m

|0 P) ={K =< x >ie X Limit [ [ = oc}
—0

where < pg > is a sequence of positive real number such
that pk >k, for each k and | is a non-negative real number.

Let X and Y are Banach spaces and < Ak > is a linear
operator from X onto Y and E is non-empty set of sequence x
= (xk) with xi eX.

Then, we define -duals, (-duals (m, 0) duals and (m, 0)
duals of E as

E*={<Ag>: DIl AcX || converges for all x = < xy >

k=1
ek}
EP = (<> D" A converges is Y for all x = < xi >
k=1
ek}

EMa = {< A >: < Ak > is a sequence of linear operator
but not necessarily bounded such that for some m;

k=00
DA |l converges for all < xy > e E}
k=m
EMB = {< Ak > < Ak > is a sequence of linear operator
k=0
but not necessarily bounded such that for some m; Z AX
k=m
converges in Y for all < xi > € E}
Let B (X, Y) denote the Banach spaces of the bounded
linear operators from X into Y with the usual operator norm.
From the definition of the spaces,

o (X, P)l (X, P)lo (X, P). . Itis obvious that
[o(X, p) <l (X, p) =l (X, ).
Thus, if T € B(X, Y), the operator norm of T is

[Tl =sup{|T(X) ]|} xeS} where
S={xe X:|| x|| < 1}is a closed unit sphere in X.

Definitions: Let < T > =< T4, Tp, T3, ........ > be a sequence
in B (X, Y). Then, the group norm of (Ty) is

iTk (%)

k=1
where supremum is over alln € N and all xk € S.

Il (Tl = sup

Main Results
Lemma 1. If (Tk) is a sequence in B (X, Y) and we write R, =

(Ths Th+1,..), then
@ NTmlI<lIRp ], forallm>n
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(i) [|Rn+111<1I Ry [ foralin e N

n+p

> T

k=n
for any x, for all n € N and all non-negative integer p.

(i)

< || R Il-max { ¢ | : n <k<n+p}

Lemma 2. If (T) is a sequence in B (X, Y), then

|| Tkl <eo = Sup | Ty <o
k>1

Theorem 1. <Ay > e |y (X, p)m'B iff 3 m e N such that
()  AxeB(X)Y); foreach k>m.
(i) supl A | <oo

k>m

Proof : Suppose the condition (i) and (ii) holds good.
Leti<xk> ely (X, p):>klim =0
—o©

= Toeach € >0 3 +ve integer m such that

|| X«|| VP < e forallk>m (3.1.1)
Since,  sup | A« P<oo
k>m
= 3Jareal number M >0 such thatM € <1
1
and || A |[* <Mforallk>=m .(3.12)

from (1) and (2), | A« "'Pc || Xc| VP« <Me
= (1 Al X )P <Me

= [IAI DI xg Il < (Me) P

(since  Me<tandpzk = (Me)*s(Me))
k

= Al NI xc [l < (Me) ~(3.1.3)

Byresul, | A (5 1011 Akl Il k>m.

.(3.14)

From (3.1.3) and (3.1.4), || Ay . (xi) || < (Me)X for all k >

m.
D AX( < 2N AX < XM )
k=m k=m k=m
m
= (Mgm L |_Me7
1-Me| 1-Me
= > AXc convergesin Y for all < x> |y (X, p)
k=1
consequently,

<A> € |0(X—,p)mB

Conversely, Let <A > € |y (X, p)m'ﬁ

But that no m exists for which Ax € B (X, Y) forall k > m.
= 3 a sequence < kj > of natural no. such that kj > i and
Ay ¢ B (x,y), foreachi

= ||Akll=  wherekj>i, foreachkj>i
= || Akl =sup{|l Ak (2) || : foreachz € Xand || z ||
<1}=
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= sup || Akj (2) || = o where k; > i, foreach kj>i
zeS
= Jasequence <zj>in S such that
| Aki @) || > 2P where ki >, for each kj>i
0, k=Kk
Define Xk = 2Zi k=k
H pki

i
Fork=kj || xq| P =0
and fork =kj, || x| Ve« = || X VP = zi| Ve /i2< 1/ 12
—0asi— o, ie ki— o, ie. k—oo(since | z] < 1)
=| X "% —0 ask— oo
Hence, <x¢ > € |y (X, p)
Fork =k, [l Ak Xk Il = [ Ak (i) |l

Ak'(lzz_plkJ MA@l

- iZPk. > 1 for large
Hence, ZAk(xk) does not converge, which is
k=m
contradiction to our assumption. Hence our assumption is
wrong.
Therefore, 3 me N such that Ag € B (X, Y), fork >m.
Again suppose if possible (i) fails
= There does not exist any m e N such that

1
sup || A [ <o

k>m

value of k.

1
= ToeachmeN, sup|| A ||*=o0
k>m

1
= sup{|| A [} =
k>1

= 3Jasequence < kj > of natural no. such that | A«
| Ve > 2ifori e N.

Againsince,  (1/2¢)|| Ak |l < || Ak || and || Ak || = sup
{Il Ak (2) ||: for each z € S}
(11 2<) ]| Ak |l <sup {|| Ak (z) || : foreach z € S}

= 3Jasequence <zk>in Ssuch that (1/2x) || Ak || <
Il A (zi) Il

= Akl <2 A @ e Ak (i) 11> 1L A1/ 2¥

=

Define Xk = Z/im fork=ki and xx= 0
fork =Kk
For k = K;
1 z # 1 1
I 1P =]l =3z lI* =0 asi— oo, ek
i i
=k >

and for k= k;, || x| Vr« =0

Then<xx> e |y (X, p)
But for k = kj,

97

I Ak gl = HA{%]

- Az e DAL TACL
i 2% (2i)
value of k.
= X Ag (xg) diverges, which is contradiction to our
assumption. Hence our assumption is wrong.

for large

1
Therefore, 3m e Nsuch that sup || A || <o
k>m

Theorem : 2. < Ag > € | (X, p)(m’a) iffImeN
suchthat (i) AxeB(X YY) fork>m.

and (i) [zuAk ||j <o
k=1
Proof : Suppose the condition (i) and (i) holds good.
Letx=(xi) € | (X, p) = Limit||x, [[* =0
—o©

= forgiven € >0 3 a-+ve integer m such that

[| %]|""Px <  for all k > m.

ie. || Xkl < ePg, forallk>m ..(3.21)
since (ZIIMIJ <oo
k=m
= Jreal number M > 0 such thatM e <1
and D[ Al <M, forallk>m.
k=m
= ||All <M< (Mwy), for all k> m. .(3.2.2)

from (3.2.1) and (3.2.2), || Ak Il . I| i [l < MPc. e M=
(Me )Pk < (Me)¥

SlAxlk T M)~ 97 <

Me<tandp 2k = (Me)P<Me))

(since

o0
= Y Il A |l converges.
k=m
(m,a)

consequently, <Ay > e |y (X,P)

conversely, suppose < Ag > e |y (X, P)(m’a)

and there exist no m such that Ak € B (X, Y) fork>m
= 3 a sequence < kj > of natural numbers such that
Ai ¢ B(X)Y), foreachi

= || Agjll=o, foreachi
= ||Akll=sup{| Ak (2) || : foreachz € Xand || z||
<1}=o
= sup ||Ag(2)]|=ow,foreachz e S
Vze$s
e |lz]l<1

= Jasequence <z >in S such that || A (z)) || > 2P

where ki > i
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Define Xk = Ziliere fork=ki and xx= 0
fork =Kk ;

For k = ki

| X Ve = | Zifizee | e =) zi Ve /i2—> 0 asi— oo,
i.e. k=ki— o

and fork=kj, || x| VP =0

Then <xg > |y (X, P)

fork =kj>m,

Ak i) 1= Ak (ZiT o)) =) Ak (Z) I (1712 9) > 1
for every value of k.

o0
= > || AcX | does
k=m

contradiction.
Hence, our assumption is wrong.
Therefore, 3 m e N such that Ak € B (X, Y), for each k >

not converge, which s

m.
Again suppose (ii) fails
ie. ( DA IIJ
k=m
Then 3 a strictly increasing sequence < nj > such
|+1
that ZH A > @)P
k=1+n,
and 3 a sequence < zk > in S such that ok 1A ) 11 =l
Akl
Define  xx = Z«/irk forni<k<ngy and Xxg
= 0 otherwise ;
For k = K;
1 1
10z 7 |™ . .
[l X [P = | =—” k_” —0as|—>wie. k=ki
ji P 1
— o
Fork=kj, || x| P =0
Then<xk> € |y (X,P)
But
= A
¥ Akl Y ( j y IAZJ]
k=1+n, k=1+n; k=1+n, 17
L5 AL, A
k=1+n 2k i (2i) P
= ZH AX. ||  does not converge, which is a
k=m

contradiction.
Hence our assumption is wrong
Therefore, 3 m e N such that

SIA
k=m

<00,

Theorem : 3. <Ak > € m(m'ﬁ) i
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0 <ace b p
(i) IRqlI"™—0asn— oo.
Proof : Suppose (i) and (ii) holds good.
Letx=<x> € |,, (X, p)
= J areal number M > 0 such that || x«||"/Px < M.
since, ||Rp || "»— 0, and for every € >0,
[|Rk || "< e/M for sufficiently large k.
we have the identity by the Lemma (1),

n+p
2 A < I Rn Il max {ll xc [l :n<k<n+pp<
k=n
K
for sufficiently large k.
Hence X A x converges.
consequently, (Ax) € |,, (X, p)(m’B)
conversely, Let <Ak > € |, (X, p)(m’B)
since |, (X, p) <1, (X, p)
Ty o (MB)  (mp)
= e (X,p)77 =l (X, P)
and therefore (Ax) € | (X, p)(m'ﬁ) = (A €
lo (X, p)(m'B) which proves (1)
Now suppose, if possible that (ii) fails
Let limasup||Rp || " =3p>0.
Then, there exist natural numbers n1 > mq > m and z,
........... Zpy in S such that
N
DAL >p
k=m,
choose mg > nq such that || Rmz2 || "m2 > 2p.
Then there exist np [ mp and zpp, ...... Zp2 in S such
N,
that z A (z,)| > p. Proceeding in this way, we and define
m,
Xk= 0 ,k<mi1
=z¢ misksni
=0, n1<ksm2

= zx ,m2<k<n2 and so on.
Then x=(x) € |, (X, p)
But = Ak xk diverges which is contradiction to the fact that

Ty (MB)
(A € | (X, p)
Hence our assumption is wrong.
Therefore || Rp || " — 0asn — .
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