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The purpose of the paper is to prove a theorem in a Kaehlerian manifold M with vanishing
Bochner curvature tensor replacing the condition of constancy of scalar curvature and the
Tensor

by the harmonic length of the Ricci
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Introduction
In this paper we consider a Kaehlerian Manifold M of real
dimension n with almost complex structure tensor F of type (1,

1) and a Kaehlerian metric tensor G. Let us denote by gj, V
h

Kkji K jir

of covariant differentiation with respect to Levi-Civita

connection, the curvature tensor , the Ricci Tensor, the scalar

curvature and F of M respectively. The indices h, i, j, k...run

over the range 1,2...n.

The Bochner Curvature of M is defined [1] by
(L1)

Bkjih = Kkjih +5kthi _5jh|-ki +Lkhgji _Ljhgki + I:khMji
_thMki +Ml?Fji _M?Fki _Z(MkjFih +ijMih)1

K and Fji local components of g , the operator

where
Li=— ! K+ L Kg ;i
n+4 2(n+2)(n+4)
LE =thgmx
Mji :_thFit = - 1 H“+ 1 KFji’
n+4 2(n+2)(n+4)
M,? sztgthv
Hji=—KjtFit.

Kaehlerian manifolds with vanishing Bochner Curvature
tensor had been studied by many authors such as K. C.
Nam[1], S . Tachibana [2], K. Yano and I. Shihara [3] and Y.
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Kubo [4] and established the interesting properties of
Kaehlerian manifolds. In 1976 Y. Kubo [4] has proved the
following theorems:

Theorem A: Let M be Kaehlerian manifolds of real dimension
n (>4) with constant scalar curvature whose Bochner
Curvature vanishes. If length of the Ricci Tensor is not greater

K

Jn-2

sectional curvature.

than , then M is a space of constant holomorphic

Theorem B: Let M be a Kaehlerian Manifolds of real
dimension n (> 4) whose Bochner curvature vanishes. If the
length of the Ricci tensor is constant and not greater than

K

n-2
sectional curvature.

, then M is a space of constant holomorphic

Following theorem due to K.C.Nam [1] is needed to the main
results of the paper.

Theorem C (Nam[1]) : Let M be a Kaehlerian Manifolds with
vanishing Bochner curvature Tensor whose length of Ricci
tensor is constant. Then M is a space of constant holomorphic
sectional curvature or a locally product of space of two spaces

of constant holomorphic sectional curvature H (> 0).

The paper has been organized as follows. In section 1,
known theorems have been given along with some basic
notations and definitions of Bochner Curvature. In section 2,
preliminary results of Kaehlerian manifolds and some known
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lemmas have been given. Section 3 is devoted to study of the
main theorems and some corollaries.

Preliminaries
In a Kaehlerian manifolds M, the local components FJ-'

and g i of Fand g are respectively satisfies,

thFitgts = gji

2.1)
V,R"=0
and th FKe =K;
If the Bochner Curvature Tensor vanishes, then it

is proved that [3]

2.2)
Ky = i+ 20 DL

n+

Next we list the known Lemma for sake of easy reference
in the next section 3.

Lemma A ( K. Yano and Ishihara S [3] ): In a Riemannian
manifold of dimension n, for Q defined by

Q=niekiK: —2 M D e ki 1k
( +2) n-2
We have
2.3)
3n K K
Q:P+_—K(Kji __gji)(KJ -—g")
(n=D(n+2) n n
where
PonKeKIK! -2 Lk kit ke

Lemma B(S. Tachibana [2] ): If the Bochner Curvature tensor
of a Kaehlerian manifold vanishes and the manifold is
Eienstein manifold, then the Kaehlerian manifold is of constant
holomorphic sectional curvature.

Lemma C(M .Okumura[5]): Let &i A =123,

real numbers satisfying
n n
> a =0 Yal=
i=1 and i=1 .

for certain k . Then we have

n-2

~J/n(n-=1)

n-2 3
— k3
1/n(n 1 ;
Lemma D(Y.Kubo[4]): Put
K
Sji = K“ _ngiyfz =SjiSJ
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and a.

(,i=1,2,...,n be eigen values of S} , then

we have

(n—4) (n—4) £3

_,/2n(n—2) \2n(n—2)

Towards this end we consider the concluding section of
the paper.

f3szn:ai3s

i=1

Main Theorems
As stated in the introduction we prove the main theorems
and corollaries.

Theorem3.1: Let M be a Kaehlerian manifold of real dimension
N(> 4) whose Bochner curvature tensor vanishes. If

2 KJ.)(v“K")Jr [(n+4)KJ,+Kg Vivik=0

i) Al

and =0 where | <

2 _ ji
1=K J-iK
Jn-2

then M is a space of constant holomorphic sectional
curvature.

Proof : By the straight forward calculations ,we obtain
(8.1)

AR K (VKK )

2 K"V, VK + KKK
2

—KyginK K+ KV (VK -VK)
For the sack of easy reference, we put

(32)
Bkji :VkKji —Viji
2(n 2) (9407 — 956 + FaFf —FR’ +2FgR*)V.K

next by straight forward calculation, we get [2]
(33)
n
PN Bkji
(n+4)
From (3.2) and (3.3) and the assumption that the Bochner
curvature tensor vanishes, we

have
(3.4)

1 ,

\% Bkjia =

a

:Q+(Vthi)(Vthi)

1

+—
2(n+2)

If we set on M,

(n+4K . +Kg; (VIV'K
{ J J}

K
S;; :Kji_ngi'

then we have [4]
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SIF' =F/S],
Moreover , we see that [4]
(35)
traceS =S =0
2
traceS® =5,;S" =K K" ——>0
n
3 ichgi iwhi 3 S
traceS” = 5;S/'S; = K;K/'K, —HKS“S ——
n

In (3.5), the equality holds if and only if M is an Einstein
manifold.

Put f2 =trace S?then, from Lemma C, we have

(-4 Z GE NP
\2n(n-2) 1/2n(n 2)

where, a ,i=1,2,3... n be eigen values of S}

By the virtue of Lemma D , we have

(3.6)

— —2
pzﬂ fﬂ@ Kfzfz{nKﬂ f 1>0
) () 2103
Sothat P > 0 from (3.6) and the fact that
K
I < , n>4
Jn-2

Since Al =0ie. | is harmonic together with the
condition (i) of the theorem and (3.4),

we have

Q=0
Using (3.5) and (3.6) in Lemma A, we have
P<O0
And therefore P = 0, so that (2.3) becomes
K i Ko
3.7) K(Kji _ngi)(KJ _ng )=0
it K#0  (37)gives
K
=—0; or S =0
n g“ ji

That is, M is an Einstein Manifold, and hence from
Lemma B, conclusion of the theorem follows. If K = 0, then

K;K'=8,S" =050 that Ki=0

consequently Kaehlerian manifold of zero curvature . Finally
proof of the theorem completes.

and
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Theorem 3.2: Let M be a compact orientable  Kaehlerian
Manifold of real dimension N(> 4) whose Bochner curvature
tensor vanishes if the condition (i) of theorem A together with
Al >0 (or Al <0)holds where
1<K _

n-2
then M is a space of constant holomorphic sectional curvature .

=K, K",

Proof: If Al >0, then | is said to be superharmonic in M.
For a compact orientable Kaehlerian manifold, we have Yano
6] Al =0 and | must be constant in M. Hence from the

similar arguments as in Theorem 3.1 proof of Theorem 3.2
follows.

Corollary 3.1: Let M be a compact orientable Kaehlerian
manifold of real dimension n (n > 4) with constant scalar

curvature whose Bochner curvature vanishes. If | is harmonic

K
Vn—z’

and | <

then M is a space holomorphic sectional

curvature.

Corollary 3.2: Let M be a compact orientable Kaehlerian
manifold of real dimension n (N > 4) with constant scalar

curvature whose Bochner curvature tensor vanishes. If | is

K
«/n—2'

constant holomorphic sectional curvature.

constant and not greater than then M is a space
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