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Abstract

The spread of the HIV infection has created an pandemic situation all over the world. It has become necessary to have the
combined efforts of medical personnel, social workers and mathematicians and statisticians to study the different aspects of this
infection and its spread. One of the interesting aspects of study is to estimate the likely time at which an infected person becomes
seropositive. It is in this connection the antigenic diversity threshold is considered. The antigenic diversity threshold is a particular
level of the antigenic diversity of the invading antigen beyond which the human immune system breaks down and a person
becomes seropositive. In this paper the expected time to seroconversion is derived under the assumption that the antigenic
diversity threshold comprises of two components namely the natural antigenic diversity threshold level of human immune system
and the threshold component due to use of ART. Numerical illustration is also provided.
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Introduction

In the study of the HIV infection the different modes
of transmission of HIV is an interesting concept of study.
There are four different modes of transmission and they
are:

Homo (or) Hetero sexual contacts
Sharing unsterile needles
Transmission of contaminated blood product

4, From mother to baby in the foetus

Among the four modes of transmission, sexual
contact is the most important mode of transmission of
HIV.

The HIV infected persons have clinical symptoms of
the infection. The progression of HIV to AIDS normally
happens in about a period of 10 years. A person who is
infected will have the symptoms of HIV and when a
person becomes seropositive then symptoms of AIDS will
appear slowly. The change over from seronegative to
seropositive state is called seroconversion.

The human body has its own immune ability and it
would be able to withstand a particular level of antigenic
diversity of the invading HIV. Such a level of antigenic
diversity is known as the antigenic diversity threshold. If
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the antigenic diversity of the invading antigen crosses
this level then the human immune system collapses. The
antigenic diversity threshold is considered to be a
random variable since it varies from person to person. In
every contact there is a random amount of addition to the
antigenic diversity. The expected time to cross the
antigenic diversity due to successive contacts during the
period (0,f] is estimated using the shock model and
cumulative damage process approach by Esary, Marshall
and Proschan (1973). Such an approach has been
adopted by Sathiyamoorthi and Kannan (1998), Nirmala
Ratchager (2003) and others to estimate the expected
time to seroconversion.

In a mathematical model developed in this paper, it
is assumed that Anti Retroviral Therapy (ART) is given to
a person who is identified as HIV infected. Since the ART
prolongs the process of seroconversion and the onset of
AIDS symptoms, it is assumed that there is an increase
in the antigenic diversity threshold. So the antigenic
diversity threshold beyond which the human immune
system cannot with stand can be represented as sum of
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two random variables. Under this assumption the
expected time to seroconversion is derived.
Assumptions

1. A person is exposed to HIV infection. At every
epoch of contact with an infected there is some
contribution to the antigenic diversity.

2. Anti Retroviral Therapy is administered to the
infected.

3. There is a particular level of antigenic diversity
of the invading virus, and it is called the
antigenic  diversity threshold. If antigenic
diversity  crosses  this  threshold the
seroconversion takes place.

4. The interarrival times between the successive
contacts are random variables which are
identically independently distributed.

Notations

Xi = A random variable which denotes the magnitude of
contribution to
antigenic diversity at the ith epochi=1,2,....k.X
has p.d.f g(x) and c.d.f G(x).

Zy= The threshold level of antigenic diversity, which is
a random variable Z1 with p.d.f m¢(y) and c.d.f
Mi(y).

Z; = A random variable which indicates the additional
antigenic diversity level added to the threshold
due to ART. It has p.d.f ma(y) and c.d.f Ma(y).

W= Z1+Zand W has p.d.f h (w) with c.d.f H(w).

Ui = A random variable U; denoting the inter-arrival

times between successive contacts, i = 1,2,...,k with p.d.f

f(.) and c.d.f F(.).

T = A random variable denoting the time to cross the
antigenic diversity threshold, with p.d.f I(t) and
c.d.fL(t).

Results

There are 'k’ contacts during the period (0,t]. On
every occasion a random amount of antigens are getting
added to the system which inturn adds to the antigenic
diversity. As and when the total antigenic diversity
crosses the threshold W, the seroconversion takes place.
It may be noted that the Anti Retroviral Therapy is started
and so the human immune system is able to withstand to
a greater extent. This adds to the antigenic diversity
threshold. Hence the threshold for the whole process is
W= Zs+Z,. The seroconversion takes place as and when
the total antigenic diversity crosses W.

Hence

k
Pr{' b3 X] < W} = (Probability that the antigenic diversity due to n
]
k contacts does not cross the threshold level).
This can be written as,

= jgk (X)H x Hx.
o
Atternatively the expression for (1) can be given as

k o0
P !Elxl_<w}= éGk(w)h(w}dw @)
Now the pdf of Wis given by the convolution of Zy+Z; and we use the convolution formula to
determine the p.d fof Y.
Let Zi~exp (cu)and Ze~exp (o).
It can be seen that

v —aw  —a (w-m)
hlwi=|ale Vae 2 a

0
itcan be shown by simplification that
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S{t) = Survivor funcion = P[T>{]

It gives the probability that the total amount of antigenic diversity in (0,1] has not crossed the threshald

Z

Ary)- i pr{that there are exactly k Contact in (0,1) (md}
P

the antigenic diversity has not crossed W.
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since the random variables X Xe.. Xk are iid.,
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on simplification

==

(- g (@)Y Fiog (@)™
(a-a) = 6
&

(a-a)

+

(1-g*(@)3 B O g * (@)™
K=l

on simplification

Now L()=1- ()= P[T <t]

=G (- g @)Y B0z * @)™
o) el 6
= & o % * k-1
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Taking Laplace Stieltjes tansforms of the above, we get
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and
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1%(5) =

(-g*@)3 A)g* (@)
(aray) k=1 0

=4 1-g* 5 *, k-1
(a-'l_a’:)( g (aﬁ));:lfk(s)g (&)

Since the inter-arrival rme are i.i.d random variables then
. * 13
L©=[r"e)
Hence
G = & *, —p ¥ %" *, k-1
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on simplification
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Table 1: Variafon n E (T)
and¥ MO=035 A=10
a:=10
Fig. 1
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35 164 3.84
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45 TET 370 |
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Table 2 Variation in E (T)
and¥ MO=05 A=10
@;=20 Fig. 2

@ EMm | v
02 | 3.75 | 1831 |
04 2.50 863
05 | 208 | 509 |
08 1.88 495
10 | 105 | 431
T2 | 167 | 390 |
14 161 362
15 | 137 | 341
18 | 153 | 325

Table 3: Variafon in E(T)
ndV(Ma =10 a:=12
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Fig. 3
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Table 4: Variafonin E(M)
and¥ Na=10 a.=13
Az1d

Fig. 4

A EM vm
04 [ 833 82.28
08 _|_417 :
12 | 2.18 914
16 | 208 ENES
20 | 167 329

avm

28 | 149 | 168

36 | 093 | 10
30 [ 05 | 08

Conclusion

i) It can be seen that if 6, A, o are all fixed and o
namely the parameter of the exponential distribution
representing the first compound Z; of the threshold
increases, then E(Z1)=1/o1 decreases. Hence the overall
threshold Z1+Z; also decreases. So the expected time to
seroconversion decreases, which is given in Table 1 and
Fig 1. The variance also decreases but in a slow manner.

i) If 6, A and a4 are all kept fixed and if o is
allowed to increase then E(T) decreases. So also is V(T).
This is due to the fact that since Z2 ~ exp(at2) then E(Z2) =
1/loe. Hence as o increases E(T) decreases. which
implies that the threshold becomes smaller and it takes
less time to cross the threshold as indicated in Table 1
and Fig 1.

iii) If ©, namely the parameter of the random variable
X which is the magnitude of contribution to antigenic
diversity in each contact increases, it can be seen from
table 3 that E(T) increases. This due to the fact that since
X~ g(x) which is exp (6) E(T) = 1/6. As 6 increases then
E(X) decreases and so the average contribution to the
antigenic diversity in each contact decreases. Hence E(T)
increases and V(T) also increases.

iv) If o, o2 and O are kept fixed and if A is allowed
to increases it is seen from table 3 that E(T) decreases.
Also V(T) decreases. This because of the fact that A is
the parameter of the distribution of the random variable U;,
which is the interarrival time between contacts. Ui~
exp(A). So E(U)=1/A. As A increases then E(U)
decreases. Hence the interarrival times between contacts
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decreases. So there are more number of contacts in (0,t).
Hence the contribution to antigenic diversity increases.
So it takes less time for seroconversion. Therefore E(T)
is decreasesing. So also is V(T) as indicated in Fig 4 and
Table 4.
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