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Abstract

This paper deals with a mathematical model of gonorrhea among hetero-sexual. This model composed of males and
females is characterizes growth rates of promiscuous population (P), Infective male population (/,), and Infective female

population (). In all three equilibrium points are identified for the system under investigation, the criterion for the

asymptotic stability of all three possible equilibrium points is derived ofthose, purely healthy
is stable with the condition F.M >1.

condition FM <1 and co-existence state
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state is stable under the

INTRODUCTION

Mathematical model of infectious diseases is a large sub
field of mathematical biology. Mathematical models provide an
explicit framework to understand biological systems that cannot
be observed directly. Seminal mathematical work was done by
Hethcote,York [5] on gonorrhea transmission of the disease in
the form of a set of three simultaneous nonlinear first order
differential equations. Cook and York [4] developed a
model for gonorrhea involving susceptibles, infectives and
removals. The model of gonorrhea for heterogeneous population
was given by Braun [3].Stability of gonorrhea is given by Beretta
and Capasso [2]. N.C Sreenivas and N.Ch. Pattabhi
Ramacharyulu [8] investigated stability of time delay gonorrhea.
R.Ramakishore, N.Ch.PattabhiRamacharyulu [6] derived the
stability ~criteria  for gonorrhea in heterogeneous population
by considering time dependent population as variable.

As gonorrhea symptoms can be identified earlier in male
then the females [5]. Male infective cure rate is greater that for
females. The present investigation is an analytical study of
gonorrhea among Hetero-sexual population. We have identified
biologically feasible equilibria for the system namely (1) Trivial
study state (2) Disease free steady state (3) Endemic equilibrium
state.

Notation adopted
P(t)— Total number of promiscuous individuals in the population.

P1(t)—Number of promiscuous males in the population.(aP)
P2(t)—Number of promiscuous females in the population.
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((1-a)P)
[1(t)— Number of infective males in population.
I2(t)— Number of infective females in population.
ai— Natural growth rate of total promiscous population.
arr—Natural self inhibition coefficient of total promiscuous
population.
bi—Infective rate in susceptible male population.
b,—Infective rate in susceptible female population.
c1—Cure rate in infective male population.
c2—Cure rate in infective female population.
k—Carrying Capacity (a1/a11) for the total population.
M— Maximal Male contact rate.
F— Maximal Female contact rate.
here a1, a11, ¢1, 2, b1, bz are assumed to be non negative
constants and 0 <a <1.

Basic Equations

The model equations for Hetero-Sexuals are governed by
the following system of nonlinear ordinary differential equations.

. Equation for the logistic growth rate of promiscuous population

(P)

L@ -app (3.1)

[l. Equation for growth rate of Infective male population (I1)

%:b,(o{P—IZ)I, - (32)
[ll. Equation for growth rate of Infective female population (I2)
dl

d—t2=b2(aP—11)12—c2I2 (3.3)

Equilibrium Points

The system has three equilibrium points:
1. Trivial steady state



Journal of Experimental Sciences 2012, 3(4): 30-35

P=0,1=0L=0

2. Disease free steady state
P=Y(say k), 1=0, L=0
a
3. Endemic equilibrium state
bb,a(l-a)P* —cc, L= bb,a(l-a)P* —cc,

P=k L= L
bb,o(1-a)P+c,b, bb,otP +c,b,

Stability Criteria of Equilibrium States

let u,v and w are small perturbations from any
of equilibrium  levels say I 1) of P(t),l1(t),l2(t) respectively.
ie. P=P+u, I, =1+v, I,=1,+w
after neglecting higher order terms of u, v, w, we get the system of
linearized perturbed equations are given by d4X _

dt
a,—2a, P 0 0
where A= | 7y ~(bL,+¢)  b(aP+1,)
bI,(1-a) b((1-a)P+1,) —(bI +c,)
T

and X =[u,v,w]

Theequilibrium state is stable if all eigen values of the
characteristic matrix A are negative or have negative real parts
according as the roots are real or complex.

Trivial Steady state

Corresponding linearized perturbed equations are

du dv dw

;—a]u, E=—Clv, E=—C2W (5.1.1)
a 0 0

andA= |0 —¢ O
0 0 -

2

The characteristic roots are ai, -c1, -c2 which are all non
negative. Hence this equilibrium point is repulsive in u-t plane
and attracting in v-t and w-t plane and it is a saddle point.
Hence it is unstable.

By solving the equations (5.1.1) we get
u=ue™, v=ve ", w=we ™

Where uo,vo,wo are the initial values of u, v and w
respectively.

Trajectories of the perturbations:

Trajectories of above equations in u-v and v-w planes are given
by

-1 -1

1 -1
HREEIREE
Uy Vo Vo Wo
s i o0y _ 1 —ayc, _ K —a¢
Uy Vo Wo

Disease Free Steady State

Corresponding linearized perturbed equations are

du dv dw

— =i, E:—clv+blakw, E=b2(l—a)kv—c2w (5.2.1)
a, 0 0

here A= | 0 -, b ok
0 b(-ak -c,

Characteristic roots of which are
-a,, _TI[R, + (¢, +¢,)], %[R] = (¢, +¢,)]

Where R, = \/(Cl - Cz)2 +4bb,a(1- a)kz 5.21

Case1:-1f R>cato
bb,a(1- )k’ . .
T e >1 This can be interpreted as F.M > 1
172
bak i i
here F = lc is maximal female contact rate

2

and M= 51—k is maximal
C

male contact rate

1

roots are 1’ BX [R +(¢, +c))l, 5 [R —(c,+¢,)]

hence the state is unstable By solving the equations (5.2.1) we

get
u=ue ", v=Ae" +Ae", w=Ae"+Ae" (5.2.1.1)
v, (¢, + A) +bakw, vy (¢, + A4,) +bakw,
Where A =—2———1—=2 == —
1 (h=4) ’ (h-4)
A= w,y(c, + A)+b,(1-a)kv, _wylq+4)+b, -k,
’ (h=4) ) (h=4)

-1
h=ZIR+ @+, 4 =%[Rl—(cl o)l

Trajectories of perturbed equations

Trajectories of above equations are given by
-1 ll il B —L
BRI
Uy AA, AA, AA,
—(c+¢y )2 —a,(c;+cy) —a(¢+cy)
U AA, AA,

31
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Where A1, A2, A3, As are same as above mentioned.

Case2:-If Ri1=c1+c2
o bb,a(1- )k

GG

=1 This can be interpreted as F.M= 1The
characteristic roots are ~%> (Gt 0 hence the state is
unstable.

By solving the equations (5.2.1) we get

_ —at _ —(ctey)t _ —(cjtey)t
u=u,e ", v=Ae +A,, w=Ae +A,

(5.2.2.1)
Trajectories of perturbed equations

Trajectories of above equations are given by

(¢ +¢y)? —a; (¢, +¢;) —a;(c;+¢y)
u, AA, AA,

Where A1, A2, A3, As are same as above mentioned.

Case 3:-If Ri1<ci+c:

. bb,a(l-a)k* . .
i.e. %d This can be interpreted as F.M < 1
1-2
The characteristic  roots are
-1 -1
—ay, E[Rl +(q+6)l, 7[(01 +¢,)— R 1hence the state is stable.

Hence we can state following theorem
Theorem-1: The system (3.1), (3.2), (3.3) is stable around the

disease free study state (k, 0, 0) when F.M < 1.
By solving the above equations we get

u =uoe—a|f V:Aleﬂﬂ +Aze/121 W :A3eﬂ|f +A4€/1/zl
) Hl

(5.2.3.1)
where A1,A2,A3,A4 are same as above.

Trajectories of perturbations:

Trajectories of above equations are given by
1 -1

-1 -1 il L
u aT v E v ctey w ¢+,
—| = and =
U AA, AA, AA,
—(¢ +c2)2 —ay(c;+cy) —ay(¢c;+cy)
U AA, AA,

Where A1, A2, A3, As are same as above mentioned.

Endemic equilibrium state

o Pk T= bb,a(1-)P* —c,c, L= bb,a(1-a)P* —cc,
" ' bb,a(l-@)P+ch, ’ bb,aP+c,b,

This exist only when bba(l-a)k’ —ce, >0 jo M >1.
Corresponding linearized perturbed equations are

du dv —

E——alu’ Ez(blalz)u—Mlv+le,
‘;—V: = (b,(1—)1,)u+N,y—M,w

(5.3.1)
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a, 0 0
weith A= | bal, -M, N,
b,A-a)l, N, -M,
akb,[b,(1— a)k +¢,]
here M, =—" bl =
ak +c,
v = - kblbak+c,]
: bak +c,

_obbd-a)k+c]
b[b,ak +c,]

-1 1
and roots are —a;; 7[R2+(M1+M2)L E[Rz—(MﬁMz)]

_ cblb,ak +c,]
ob[A-a)bk +c ]’

R, =~/(M,~M,)* +4c,c,
in this case & <M, +M
bb,a(1-a)k> —c,c, >0

all roots are negative, hence the state
Hence we can state following theorem

here
2 since

is stable.

Theorem-2: The system (3.1), (3.2), (3.3) is stable around the
Endemic equilibrium state when F.M> 1.
By solving the equations (5.3.1) we get

u=ue " V= Ase_alt + A6eﬂlt + A7e’12t
w =A™ + Aje™ + A e

_ @y —arb o Ay ta)th
(@+A)a,+A4)" ° (a,+A)A-A)’

(5.3.2)
Here As

_ lz(ﬂzv0+a)+b _ a,(aw,—p)+gq
Toa A A=A Y (g + A (a + A,)]

A 4wy +p)tq

_ AL Aw,+p)+q
Y (a,+ A)(A =4,

O @+ A=A
a=vy(M,+a)+L, +Nw,
b=vM,a,+M,L +Nw,a, +N,L,
p=w,(M,+a)+L,+N,v,
q=wM,a,+M L, + N,v,a +N,L

A :—%[R2 +(M,+M,)]

1
ﬂ*z :_E[(M1+M2)_R2]

Trajectories of the perturbed equations

Trajectories of above equations are given by

-1

2 ata ™ o e s
U, AsAgA, AAA, AA A,

{1}"'{ ) }““z[ w }MM
u() A5A6A7 ASAQAI()
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Where As, As, A7, As, Ag, A10 are same as above mentioned.
A Numerical approach

Solving equation (3.1) and substituted in (3.2) and (3.3) then
we get

ﬁ=b1 Lﬂ(w_ll I, =¢l, ()
dt P+ (k—P)e™™

&:b L)Pok__[ I —c.I (”)
dt 2 P0+(k—P0)€ akt 2 | M1 Rt

Numerical solutions of these equations is obtained by
employing Runge-Kutta method of fourth order with initial conditions
1 (to) =l10 and Iz(to)=l20 . The interval is to assume d to range over (0,
50) to investigate the behavior of males and females of this model.

Here we have considered values for all parameters of this
model, among all the possible Cases nine interesting cases are
illustrated below.

SNo | ai ap | Po | k lo | o | 1 c2 | b b2
1 001 {05 |49 |15]2 |1 02 | 01| 041 0.09
2 001 | o5 | 10| 1]2 |2 |02 |01]009] 009
3 1001 |05 |10 1B |1 |2 |02 |01]01 |009
4 001 |o5 | 101102 [T 020101 |009
5 001 | o5 |10 10]2 [2 |02 |01]009] 009
6 001 |05 | 10110 |1 |2 0201015 ]017
7 001 | o5 | 102 |2 |1 ]02|01]|01 |009
8 001 |05 |1012 |2 2 |02 [01]01 |009
9 001 | o5 | 102 |1 |2 |02 01|01 |009
—— Fromisouous Populaion
: 10
£ ——
_'/,é"'

1.(a11=0.01,alp=0.5,p0=10,k=15,110=2,120=1,c1=0.2,c2=0.1,b1=0.1,b2=0.09)
(p0 <k, 110> 120, cl >c2,bl >b2,cl >bl, c2>b2)

15
s Promiscuous Population
= === |nfective Males
------ Infective Females
10 1
<
2
g
El s
PPTT U e s o
s et -
Pt
o’
s
(a0
o . .
0 5 10 15 20 25 30 35 40 45 50
time

2.(al1=0.01,alp=0.5,p0=10,k=15,110=2,120=2,c1=0.2,c2=0.1,b1=0.09,b2=0.09)
(p0 <k, 110 =120, c1 > c2,bl =b2, cl >bl, c2 >b2)

1s
——— Promiscuous Population
=== Infoctive Males
....... Infective Females
10 d
PP T L LRty St ELLLLLLL,
s R 4
e
R
o
b
o
540 15 20 25 80 85 4o 45 0
time

3.(a11=0.01,alp=0.5,p0=10,k=15,110=1,120=2,c1=0.2,c2=0.1,b1=0.1,b2=0.09)
(p0 <k, I10 <120, c1 > c2, bl > b2, cl >bl, c2 >b2)

15
= Promiscuous Population
- Infoctive Males
------- Infective Females
10
s 4
"*ﬂ_-.;_-__________________________
o
5 10 15 20 25 30 35 a0 a5 50

4.(al11=0.01,alp=0.5,p0=10,k=10,110=2,120=1,c1=0.2,c2=0.1,b1=0.1,b2=0.0)
(p0 =k, I10 >120, c1 > c2, bl > b2, cl >bl, c2 >b2)

15
—— [>romiscuous Population
== Infective Males
"""" Infective Females

10
g
st |
..........................................................
PRI C L b LU L LUl b L bl
=
o
6 5 7o 15 20 25 80 85 40 45 80

5.(a11=0.01,alp=0.5,p0=10,k=10,110=2,120=2,c1=0.2,c2=0.1,b1=0.09,b2=0.09)
(p0 =k, I10 =120, c1 > c2, bl =b2, c1 > bl, c2 >b2)

15
m—— Promiscuous Population
= infective Males
------- Infective Females

10

o 5 10 15 20 25 30 a5 0 a5 50

6.(a11=0.01,alp=0.5,p0=10,k=10,110=1,120=2,c1=0.2,c2=0.1,b1=0.15,b2=0.17)
(p0 =k, I10 <120, cl1 > ¢c2, bl <b2, cl >bl, c2 >b2)

15
= Promiscuous Population
= Infoctive Males
------- Infective Females

10 4
sl 4
Pl ILTTTPPI
' g,
o S el Al ol Al Rk
o 5 0 i5 =20 25 80 35 40 45 50
time

7.(al1=0.01,alp=0.5,p0=10,k=2,110=2,120=1,c1=0.2,c2=0.1,b1=0.1,b2=0.09)
(p0 >k, 110 > 120, ¢l > c2,bl > b2, cl > bl, c2 >b2)

15
m— Promiscuous Population
= |nfective Males
llllll Infective Females

10 B

]

E

sl 1
pRERLLL...
A,
ikl L S TEPTTT
R P S AP Al At K2t it g it e |
o 5 10 15 20 25 30 35 40 a5 50

time.

8.(a11=0.01,alp=0.5,p0=10,k=2,110=2,120=2,c1=0.2¢2=0.1,b1=0.1,b2=0.09)
(p0 >k, 110 =120, c1 > ¢c2,bl > b2, cl >bl, c2 >b2)
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= Promiscuous Population
=== Infective Males

===s=s Infective Females

--."—':luuuuuunuuuuu

o 5 10 15 20 25 30 35 40 45 50
time

9.(al1=0.01,alp=0.5,p0=10,k=2,110=1,120=2,c1=0.2,c2=0.1,b1=0.1,b2=0.09)
(p0 >k, I10 <120, c1 > c2, bl > b2, cl >bl, c2 >b2)

Conclusions

1. Initial infective males are greater than initial infective female and
cure rate and infective rate of males are greater than females:
(p0 <k, 110 > 120, ¢1 > c2, b1 > b2, ¢1 > b1, ¢2 > b2) In this
case number of infective males more than number of infective
females up to sometime after that infective female exists more
than infective males.

2. |Initial infective males are equal to initial infective females and
cure rate of males are greater than females and infective rate is
equal in both: (p0 <k, 110 =120, ¢1 > ¢2, b1 =b2, ¢c1 > b1,¢c2 >
b2) Here infective females are exists more than males
throughout the time even they are equal in their number initially.

3. Initial infective males are less than initial infective females and
cure rate and infective rate  of males are greater than females:
(p0 <k, 110 <120, ¢1 > c2, b1 > b2, ¢1 > b1, ¢2 > b2) In this
case infective females exist more than infective males
throughout the time.

4. |nitial infective males are greater than initial infective females and
cure rate and infective rate  of males are greater than females:
(p0 =k, 110 > 120, ¢1 > c2, b1 > b2, ¢1 > b1, c2 > b2) In this
case infective male dominates females up to some time, after
that infective females dominates males throughout the time.

5. Initial infective males are equals to initial infective females and
cure rate of males greater than females and infective rate  of
males and females are some: (p0 = k, 110 = 120, ¢1 > ¢2, b1 =
b2, ¢c1 > b1, c2 > b2) In this case infective female exist more
than males constantly even they are equal initially.

6. Initial number of infective males less than initial number of
infective females and cure rate of males greater than females
and infective rate  of males is less than females: (p0 =k, 110 <
120, ¢1 > ¢2, b1 < b2, c1 > b1, c2 > b2) Here infective male
dominates female throughout the time.

7. Initial infective males are greater than initial infective females and
cure rate and infective rate  of males are greater than females:
(p0 >k, 110 > 120, c1 > c2, b1 > b2, c1 > b1, c2 >b2) In this case
infective male dominates females up to some time, after that
infective females dominates males throughout the time.

8. Initial infective males are equal to initial infective females and
cure rate and infective rate of males greater than females: (p0 >
k, 110 = 120, ¢1 > ¢2, b1 > b2, ¢c1 > b1, ¢2 > b2) Here infective
females are exists more than males throughout the time even
they are equal in their number initially.

9. |Initial infective males are less than initial infective females and
cure rate and infective rate of males greater than females: (p0 >
k, 10 < 120, ¢1 > ¢2, b1 > b2, ¢c1 > b1, c2 > b2) Here infective

R.Ramakishore

male dominates male and after some time both equal in their
number and exist both together.
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