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Abstract

This investigation deals with a mathematical model of a four species (S1, Sz, Ssand S4) Syn-Ecological system (The Co-
existent State). Szis a predator surviving on the prey Sq: the prey is a commensal to the host Sz which itself is in mutualism
with the fourth species S4; S2 and S are neutral. The model equations of the system constitute a set of four first order non-

linear ordinary differential coupled equations.

State is found to be stable.

In all, there are sixteen equilibrium points.
stability of one of the sixteen equilibrium points: The Co-existent State only is established in this paper.
The linearized equations for the perturbations over the equilibrium points are analyzed to

Criteria for the asymptotic
The Co-existent

establish the criteria for stability and the trajectories illustrated. Further the global stability is discussed using Liapunov’s

method.
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INTRODUCTION

Mathematical modelling in eco-system was initiated in 1925
by Lotka [6] and in 1931 by Volterra [12]. The general concepts of
modelling have been presented in the treatises of Meyer [7], Paul
Colinvaux [8], Freedman [2], Kapur [3, 4]. The ecological
interactions can be broadly classified as prey-predation, competition,
mutualism and so on. N.C. Srinivas [11] studied the competitive
eco-systems of two species and three species with regard to limited
and unlimited resources. Later, Lakshmi Narayan [5] has
investigated the two species prey-predator models. Recently stability
analysis of competitive species was investigated by Archana Reddy
[1]. Local stability analysis for a two-species ecological mutualism
model has been investigated by B. Ravindra Reddy et. al [9, 10].

BASIC EQUATIONS

Notation Adopted

Ni(t) : The Population of the Prey (S1)

Na(t) : The Population of the Predator (S2)

Ns(t) : The Population of the Host (Ss)  of the Prey (S+)
and mutual to S4

Na(t) :The Population of S4 mutual to Ss

t : Time instant

a1,82,a3,a4 : Natural growth rates of S1, Sz, S3, S4

a11,a,a,a4  Self inhibition coefficients of S1, Sz, S3, S
a12,a21 - Interaction (Prey-Predator) coefficients of S1 due to
Sz and Sz due to S
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as : Coefficient for commensal for S1 due to the Host S3
as, a4z  : Mutually interaction between Sz and Ss
4 % %4 % Carrying capacities of S, Sz, Ss, Ss

=,
4y Gy Gy Gy

Further the variables N1, N2, N3, N4 are non-negative and the
model parameters as, az, as, a4; a1, az, ass, asu; atz, a1, a3, Az are
assumed to be non-negative constants.

The model equations for the growth rates of S+, Sz, S3, S4 are

dN,
TtlzlllNl_a11N12_912N1N2+al3N1N3 ~(2)

dN, 2

di =a,N, —a,N," +a,N,N, ..(2.2)
dN.

dt3 =a,N, —ay, Ny’ +ay, NN, e (23)
dN

dt4 =a,N, _‘144N42 +a,N,N, o (2.4)
EQUILIBRIUM STATES

The system under investigation has sixteen equilibrium states
are given by

aN, .
7—0,1—1,2,3,4 ...... (31)

I Fully washed out state:
(1) N,=0,N,=0,N,=0,N, =0

Il. States in which three of the four species are washed out and
fourth is surviving
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@3 N =0N,=0N,=2 N =0
Ay
— 4 =
4) N, =0,N,=—-,N,=0,N,=0
a22
— o - =

lll. States in which two of the four species are washed out while the
other two are surviving

- a,a,, +aa,,
(6) N,=0,N,=0,N, =157 N —

A3y, — 3,0y

a3a43 + a4a33

330y, — A3 Ay

— — a a
(7 N, =0,N,=—*+,N;=0,N, =—
ay Ay
— — a, — _a
©®)N: =0, »=—.N;=—>N,=0
ay as;
(9) _lz_l’ﬁzzo’_azo’jzﬂ
a Ay
a,a.. +a.a — a
(10) N, =—2—2 N, =0,N,=—,N,=0
a,,as; Ay
— — — + — R—
(11) lealazz a2a12 ’]\é:alaﬂ a2a11 ,1V3=O,M:0
4y +apty, Gy +apay

IV. States in which one of the four species is washed out while the
other three are surviving

N Gl taa, 4053 + a;4,

(12) N, =0,N, = Ny — N, = —
ay Q330 — 03,043 Q330 — 03,043
— a — aa,+aa, — a,a,+aa
— 1 — — 47734 3744 — 47733 37743
(13) N]_iaNz_O 3= aN -
a, 330y, — 30y Ay30yy — AyyAy3
Where
o, = as(a,a, +aya,,) +a(ayay, —a,ay,), &, = a;,(aua,, —a,,a,,)
—  aa,-—a,a, — ada,+aa, — — a
— 17722 2712 — 1721 2711 — — 4
(14) Nl_—,Nz_—’N3_O’N4__
@Gy + a0y, a0y + A0y, Ay

_ _ — 4 —
(15) N1=%’N2=%’N3=_3’N4=0

| | a
Where
B, =ay(a,a, +a,ay), B, = ay(aay, +aa,) —a,a,,as,

B =a,(aa, +aa,)+a,a,a;,
V. The co-existent state (or) Normal steady state
N = Atasals - Vitas@ )

73 I

A0+ a0,

(16)

aa, taa,, —
403y T A3y, _
7N4 -
Q330,44 — A3 Ays

ﬁ}:

Q3304 — Ayylyy

Where
% =(@ay +a,a, (a0, = ayay,), ¥, = 430y, + 4,4y,

Vs = a0y, + 1,05, N a330,, — 03,0,,), 7, = (4,0, — a,0, )(a330,, — a3,0,3)

This can exist only when
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(a,a,,—a,a,,)>0 and (aj;a,, —a,a,;)>0
The present paper deals with the Co-existent State only.
The stability of the other equilibrium states will be presented in the

forth coming communications.

Stability of the Equilibrium State 16:
(The co-existent state (or) Normal steady State)

To discuss the stability of equilibrium point

Nl — Yitaay), 7ﬁ2 — Yty ’E _ Ay, +aay ’NA _ 44 +aa, (41)
7 Y sy — Ayl gy — Ayl

Let us consider small deviations 1 (1), uy (1), uy (1), uy (1)
from the steady state

o Ni(t)=N, +u,(t),i=1,23,4 —(42)

Substituting (4.1) in (2.1), (2.2), (2.3), (2.4) and neglecting products

u,, u,,

and higher powers of Y1 Uy , we get

du = < <
d_tl:_allNlul —apNu, +a;Nu, - (4.3)
du = <
d_t2 ==, Nyu, +a, Nou, —--(4.4)
du,
d_f =—a;N;u; +ay,Nyu, ---(4.5)
du, = =
& =-a,N,u, +a,N,u, - (4.6)
The characteristic equation of which is
(A + @, N, +a,N,)h+ (a2, +2,,8,)N,N, |x o
_ _ — — - (4.7
[ A+ (@, Ny +a,NOA+ (aga,—a5,a,)N,N, [=0
The characteristic roots of (4.7) are
A= — (an]\_ll + azzj\_/z) i\/(011]\71_ 022]\72)2 — 4al2a21]\_/1]\72
2 9
1=_ (azzﬁs + a44ﬁ4) x \/(‘1331\73_ a441\_/4)2 + 4“34“43N3N4
_ : (4.8)
jﬂ,= —(tlllﬁ] +a;21v2) i\/z , /1= _(QBBNB +a£4ﬁ4)i-\/?2 (49)
Where

A,z (a,Ni= a,N,)* - 4a,a,, NN, ,
A,_(ayN,—a,N,)* +4aya,N,N,
Case (i): When A >0and A, >0

In this case the roots are real and negative. Hence the
equilibrium state is stable.

Case (ii): When A <Oand A, <0

In this case the roots are complex with negative real parts.
Hence the equilibrium state is stable.
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Case (iii;: When 21 =0 and A, =0

In this case the roots are repeated, which are negative. Hence
the equilibrium state is stable.The trajectories are given by

ANy (=10 )+ ey g Ny - |y
u = — e
Ty =y

-7

: PIH — Wy )Ry gk + (a0 —a g iga )N -y
Y

}em +o,e" + o6
2

-~ (4.10)
AN (U= Uy JF LA, F 1L, N = |
w, = 1Ny (g zuﬂ MAZ Hadys Ny~ ]y blem
Ty =Ry
(10, = 1 )2y gy + (a0 — 8 1 1,0, N 11 |
I B DA AIZ 12 1% TH ) N )L L\Zelﬂ‘\‘ﬁjeht‘\‘G“eLt
oy =Ry
- (4.11)
gy (At ag, N, ) +1,,a,N o (2gtag,N, ) +1u,0,,N
113:|: 3[|‘ 3 :14 4"] 40434 E}eﬂgt+|: 3|]( 4 :14 4} 4034 3:|eﬂ“l o (412)
Ry — Dy g — Ry
g (2t as N, ) +1uga,,N gy (Rt a5 N, ) +1508,,N
114 — QU‘ 3 53 3" 3094374 e)u;l+ 40 ‘ 4 53 3} 3094374 el‘t o (413)
Ty = oy Ty = R

Here
I =G+ Gyl =Py +Dq: g =Chg +Gohy
o, o,

~ 2 = ~ET j :
hy"H(a N +a, N, A +o,

= = = s s
A, (AN +a, N i, +a,

(51:

0y =@y a2 NNy oy = pagN (A +a, Ny ) oy =ppa Ny iy tagN, )

Uy Ayt N, 05N,

Uy (Agtag Ny Jrugag Ny R P
17 . ” L o " . ;O =—~ N 3
oy =y Ty =ty ap AN,
Lo i a ‘ A a ‘ 2,
5= "L 163:—13p1+ a,-= |-+ 6,= 13P2+ a,—— |2
N a N, /a N, /a
dp Al dp 1/ LTI 1/
‘e u,u,, u,,u
and Y100 Y200 Ys0> Yao gre the initial values of 17 “27 B3> Y4

respectively.
There would arise in all 576 cases depending upon the

ordering of the magnitudes of the growth rates #1-32>43>34 and the

initial values of the perturbations Uy (1), () g0 (£) uyg (1) o

the species S1-5:-5::S: | Of these 576 situations some typical
variations are illustrated through respective solution curves that
would facilitate to make some reasonable observations.

The solution curves are exhibited in figures 1 & 2.

Case (|) [f W <Ugp<Uy <Uy gnd 9 <a; <a,<a,

In this case initially the Host (Ss) of S+ dominates S4 and the

* *

Prey (S1) fill the time instant Uit respectively and the
dominance gets reversed there after. Also S4 dominates over the

kS

Prey (S1) till the time instant Uy and there after the dominance is

Ut Us Uy g converging asymptotically to

Hence the equilibrium point is stable.

reversed. Also
the equilibrium point.
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Fig 1.

Case (ii): If Y40 <, <Uz <Uy gpd 33<2,<8, <3

In this case initially the Host (S3) of S1 dominates Sq fill the

ES
e and there after the dominance is reversed. Also

t>l<

time instant

41 and the

, all the four
Hence the equilibrium

the Prey (S1) dominates over Ss till the time instant

dominance gets reversed there after. Ast_>°<>

species approach to the equilibrium point.
state is stable.

Fig 2.
Liapunov’s Function for Global Stability

We discussed the local stability of the state of co-existence.
We now examine the global stability of the dynamical system (2.1),
(2.2), (2.3) and (2.3). We have already noted that this system has
a unique, stable non-trivial co-existent equilibrium state at

_Nhtanany, N = Vit a,a,7, N = A,y +aydy;
= SN, = s Ny =

7 7

4Gy + a344,

N, N, =

A3y, — G3yyy Ay — Ay dyy

We define a Liapunov function

V(N,N,,N,N,)=N,—N,—N, log(%jﬂl {Nz A log%}

2

— — (N — — (N
+ZZ{NS_N3_N310g(N_Zj}+13{N4_N4_N410g(ﬁ_ij} — (5.1)

where /1, l> and I3 are suitable constants to be determined in the
subsequent steps.

Now, the time derivative of V along the solution of (2.1), (2.2),
(2.3)and (2.4) is
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& (NN _ (NN |, (NN YN, (N=Ns |y,
d ( N ]T{ N ]TL{ N )Tl{ N ]E 62

av_(N,-N
di N,

\J N, {al a, N al2N2+a13N3}

N,-N
+ll{ 2N Z]Nz{az_azzNz'i'alel}*'

2

N —N3
lz[ 3N ]NS{aS—a33N3+a34N4}

3

N,-N,
+l3( 4N ] N,{a,-a,N, +a,N,} - (5.3)

4

:<N1 _Nl){al —a,N,~a,N, +013N3}

+ (Nz —ﬁz){az —ayN,+ay N}y
lz (Nz _N3){as _a33N3 +a34N4}

+, (N4 ~Na){a,—a,N,+a,N;} —(54)
(Nl Ni){a,Ni +a,N:—a,N:s—a,N,—a,N, +a,,N;}
( No){a, N> —a, Ni—a,N, +a,N,}
+ L(N,=Ns){ayNs—a,Ni—agN, +a,N,)

)
+h (N =N {a

=(w, —Nl){—a,, (N,~N\)=a, (N, —NZ)—al3(N3—N3)}

Ni- a4zN‘ ayN, +a,N, } --- (5.5)

s LN =N )= (N, = N2) 45, (N, - N1 )}

o () 8 )

R TR

(N =N) = (N, ) (N =) a3~ ) ()
o e (M=) (NN (N, =)

o () (M=) ) (NN (=)

+ () (NN (g (M=) N, ) —57)

Choosing /, = %2 hand ks are any positive constants, (5.7)

ay,
becomes,

dV — —\2 —\2
= (NN (N 2NN NN

| N~V NN i (NN -+ NV )
- (5.8)

M-
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<o (NN () ) | e

1

—aﬁzz(zv}—ﬁs)z— ali(N, N)z (”3412 34){(1\7 N3) (M—M)z}

- (5.9)
<(_6111_%)(M_N1)2_%(NZ—N2)2
@h+ad) a;_ (@ +ag) =
[ 2 2 %l}(N ) [ 2 13}(1\/4 N
— (5.10)

<0, Provided

I+ +a,.l
(0342—261431) a;+a33l an dw<a44l3

Hence the co-existent is globally asymptotically stable.
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