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Abstract

This article presents a six-layer mathematical framework to model rural off-season price dynamics as a multi-scale complex system.
Layer | formulates stochastic fractional reaction-diffusion-advection PDEs with anisotropic diffusion and multiplicative weather-
income noise to capture anomalous spatial transport. Layer Il couples regional prices via fractional Brownian motions, yielding
fractional Liouville dynamics that encode long-range temporal dependence. Layer III employs cusp catastrophe theory to characterize
abrupt price bifurcations and stream-tube flow in control-parameter space. Layer IV uses information geometry (Fisher—Rao metric,
KL divergence, heat kernel) to quantify statistical divergence and market proximity on a Riemannian manifold. Layer V applies
Koopman operator spectral theory and EDMD to extract modal decompositions and intrinsic mixing timescales. Layer VI frames
market connectivity with random geometric graphs and percolation theory, relating giant-component emergence, critical exponents,
and contagion thresholds to systemic risk. Integrating fractional transport, critical transitions, geometric information measures,
operator modes, and network percolation explains persistent volatility and systemic contagion in off-season markets and suggests
targeted interventions, namely storage capacity, income stabilization, and connectivity regulation, to mitigate catastrophic price events.
Extensions include variable-order fractional operators, Lévy flight jumps, deep-Koopman representations, and nonperturbative
percolation analysis.
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Introduction

Off-season rural agricultural markets exhibit extreme
price volatility arising from supply scarcity, spatial
fragmentation, storage deficits, transport bottlenecks,
and asymmetric market power (Borsellino et al.,
2020; Theresia et al., 2025; Uzel et al.,, 2025).
Classical econometric models fail to capture the
multi-scale, long-memory, and critical-transition
characteristics of these systems. Below we present a
six-layer mathematical framework that integrates
stochastic fractional cal.culus, catastrophe theory,
information geometry, Koopman operator theory, and
percolation networks to model the socioeconomic
complexity of rural price fluctuations during off-
season sales.

Let the rural market domain be Q = R? with spatial
coordinates x = (x,y) and temporal horizon t €
[0, T]. Define the static socioeconomic state vector

Sincome
Sstorage
S(X) — Stransport i

weather

M
H

The price field P: Q x [0, T] - R, evolves under the
coupled stochastic fractional dynamics (El-Sayed &
Fouad, 2021; Pirozzi, 2024; Zhao et al., 2024)
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9%P = —D(~V?)ZP — v(x,S) - VP + R(P; )
+a(P;S) 9 W(x,t) ....(1)

where af is the Caputo fractional derivative of order (3
(Van Mieghem, 2022; Alshammari et al., 2025; Stempin &
Sumelka, 2025), (=V?)%/2 s the fractional Laplacian
(Lischke et al., 2019; Teymurazyan, 2023; Zheng et al.,
2024) (whose Fourier symbol is |k|%), v(x,S) is the
socioeconomic advection velocity (Kumar et al., 2009;
Brué & Nguyen, 2021; Duran-Olivencia, 2026), R(P;S) is a
reaction (logistic) term, and W(x,t) is a spatiotemporal
Wiener process (Mohammed et al., 2022; Al-Askar et al.,
2023; Tu et al., 2025). The reaction term is bounded by the
carrying capacity

Sstorage
KS)=Kym———m... .. 2
( ) 0 Stransport +& ( )

The Wiener process W (x, t) has covariance kernel

C(x,y) = exp (- =2

2p2 ) (3)At the level of individual
markets (nodes), prices follow coupled fractional stochastic
differential equations (SDEs) (Alkhateeb et al., 2025;
Sidaoui et al., 2025; Hamza et al., 2026). For market i, with
Hurst exponent H; € (0,1) (Morales et al., 2012; Borin,

2024; Zhang et al., 2024),
dP; = uy(P, S)dt + o; dB"i(t)
+ Z Jij(B = P)dt ......(4)

jen(@®
where BYi(t) is fractional Brownian motion with Hurst
exponent H;. One representation of fractional Brownian
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motion is the Mandelbrot-van Ness representation
(Koch & Neuenkirch, 2019)

1,
I (H+5)

BY() = [ -9

— (=)""2] dW(S)......(5)

and its covariance satisfies

E[B"(t)B"(s)] = %(Itlz” +[s? |t
— s|?H)......(6)

Critical transitions (abrupt market regime shifts) are
captured by a spatiotemporal cusp catastrophe
potential. Define the potential

1 1
V(P;a,b) =ZP4+Ea(x,t) P2+ b(x,t)P...... (7)

with the cusp bifurcation (discriminant) condition
4a3 +27b% =0...... (8)

The control parameters depend on socioeconomic
variables, for example

S, storage

a(x, t) =0ag— aq + a; Wieathers b(x' t)

income

= by — b;M + b,V2P......(9)

Each market can also be represented as a point on a
statistical manifold M equipped with the Fisher-Rao
metric (Liang et al., 2019; Nielsen, 2024; Cheng &
Tong, 2026b). If f(P;6) denotes the market price
probability density (here taken as a generalized
hyperbolic distribution parameterized by 6), the
metric is

azlogf]

9:j(0) = — Eq [69- 0.
i 09;

Useful measures of market dissimilarity and
inefficiency include the geodesic distance d, on M
and the Kullback-Leibler divergence (Shlens, 2014;
Amini et al., 2025; Tsuruyama, 2025; Engelke et al.,
2026)

fi(P)
fi(P)

To analyze nonlinear dynamics in a linear framework,
introduce the Koopman operator K (Patyn &
Deconinck, 2024; Colbrook et al., 2025; Mezi¢ et al.,
2026) acting on observables ¢ by composition with
the flow F:

Kp=¢oF, Py =F(P,S)......(12)

Spectral decomposition yields eigenpairs satisfying
Ky, = P, and one obtains the finite-rank
reconstruction

Dy (fill ;) =f fi(P)log dP...... (11)

)
P(t) ~ Z A by vy (13)
k=1

where {A,} are Koopman eigenvalues, v
eigenfunctions (or modes), and b, projection
coefficients.

Systemic contagion across markets is modeled via
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bond percolation on a random geometric graph. Define an
occupation probability that measures the density of
sufficiently similar price pairs within geographic proximity:

1 N
p(8) = mZ 1(1P; — Pi| < 8) 1(dgeo (i)
<R,)......(14)

Near the percolation threshold p, the giant-cluster order
parameter behaves as

5
Pu(P) ~ (p =P, B =3¢ (15)

and the correlation length diverges as

§@) ~Ip—plv=15...... (16)

This layered framework couples long-memory stochastic
processes, nonlocal spatial  operators,  nonlinear
bifurcations, information-geometric measures, spectral
linearization, and percolation theory to capture the
empirical features of off-season rural price volatility: heavy
tails, persistence, spatial contagion, and abrupt regime
changes.

Stochastic fractional reaction-diffusion-advection
dynamics of price fields

Let the price field (Figure 1) P(x,t) be defined on Q =
[0,100]> x [0,T]. The stochastic fractional partial
differential equation (SFPDE) for P is

apP

= = ~D(=V)?P — v VP + R(P;5)

where a € (1,2).

The fractional Laplacian is defined via the Fourier
transform as

(=V)H*2p(x) = F~1 { |k|*P (k) }(x)...... (18)

The anisotropic diffusion tensor D (Wang et al., 2026b) is
diagonal,

D= diag(Dx'Dy)' Dx = DOeXp(_ﬂthrans)'Dy
= Dyexp(—f.M)...... (19)
The advection velocity field v(x, S) is given by
v(x,S) =y VP Xe, + 6 VSicome----- (20)

where e, is the unit vector in the out-of-plane direction.
The reaction term R takes the form

R(P;S) = AP(1 — %) —u(SHP?,...... (21)
with carrying capacity
K(S) = K, _Sworage - (22)
Stransport T €
The multiplicative noise amplitude o is
o(P;S) = g, PV (1 + n%) ...... (23)

income

Here W(x,t) is a spatiotemporal Wiener process with
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covariance
E[W(x,6) W(y,s)]
. llx — ylI?
= min(t, s) exp (— Z—pz) ...... (24)

Define the energy functional for P as

E[P] = L [2D P (—V?)*/2P + % |v - VP|?
+V(P;S)] dx......(25)

On the boundary dQ impose a Robin-type condition
(Mohammed, 2022; Barbu et al., 2025; Koleva, 2026)

D 0,P + k(P — Pyyan) = 00n dQL....... (26)
Weak form. Find P € H%/2(Q) such that for all test
functions ¢ € HY/*(Q),

apP
o Pdx Tt Df (V4P (=V2)*/* ¢ dx
0 0

+fn(v-VP)(pdx=LR(P;S)<pdx+LJ(P;S)<de

Galerkin semidiscretization. Let {(pj(x)}jyzhl be a
finite-dimensional basis and approximate

Np

The semidiscrete system is

MdP KD,v) P=R(P) + Z(P aw 29
E—I_('v)_()-i_()ﬁ ...... (29)

where the vector P = (P)}". The mass matrix
entries are

M;; = L Pip; dx...... (30)
and the stiffness matrix entries are
Ky =D | (V) -V g dx+ [ v
? Vo) gjdx...... (31) ?
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Figure 1: Spatial price elevation landscape during
off-season
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Coupled fractional Brownian motion & long-memory in
socioeconomic phase space

Consider market prices that follow coupled fractional
stochastic ~ differential  equations  (FSDEs)  with
market-specific Hurst exponents. For each node i,

dP; = p;(P,, Sy dt + o, dBMi(t) + Jij (B
JEN(D)
- P)dt......(32)

A fractional Brownian motion (fBm) in the Mandelbrot-van
Ness representation is

1 t H._l
—— | -5
F(Hl' +7) —®©

BHi(t) =

— (=) 2 aw(s). ... (33)
where (x), = max(x, 0).

The covariance of fBm, displaying long-range dependence,

. is@27)

E[B"i(t)B"i(s)] = %(Itlz”i + |5 |t
— s|?Hi)......(34)

Define a socioeconomic state vector (Figure 2) in R* for
node i as

P;
Vi
I
H;
A fractional Liouville (Fokker-Planck) equation using a
Caputo fractional time derivative (Baumann & Stenger,
2017; Kadkhoda et al., 2020; Mahmoud & Orlov, 2021;
Mofarreh et al., 2023) af for the probability density
p(¥,t) reads

Y, = (Price, Volatility, Income, Hurst)......(35)

1
Pp=—Vy (FW)p)+ V% (227 p)......(36)

where the Caputo derivative can be written as the integral

Specify drift and diffusion components by

Up
Ky (Veq - V)v 5
L (Itarget - I)T ’

Nu (Hweather - H)
= diag(op, oy, 0y, 0y). ... .. (38)

F(¥) =

Model the coupling kernel J;; with distance decay and
price-difference dependence:
_ dgeo(i))”

Ji ==

exp (_aclpi - P]D 1{dgeo (i;j)
<R}..... 39)
where 1{-} is the indicator function.

For simulation, use a Karhunen-Loéve expansion of fBm
(Kazemi et al., 2025; Kober et al., 2025; Matthies, 2025):



with {ip,} the eigenfunctions of the covariance
operator Cy (s, t) = E[BH(s)B(t)]
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Figure 2: Socioeconomic state vectors in fractional
phase space

Cusp catastrophe theory for critical off-season
price transitions

The price dynamics near critical transitions are
governed by the spatiotemporal cusp-catastrophe
potential

V(P;a,b) = %P“ + %a(x, t)P?
+b(x, t)P......(41)
with control parameters
a(x,t) =ay—a, M + a,Weather (£)- - - - .. (42)
storage

and

b(x,t) = by — byM(x) + b, V2P (x,t)...... (43)
The bifurcation set B is

B = {(a,b) € R?: 4a® + 27b? = 0}...... (44)

which partitions the control plane into regions of
unique equilibrium when

A =4a®+27b% > 0...... (45)
and bistability when
A<O...... (46)

The  spatiotemporal  cusp-catastrophe  partial
differential equation (PDE) is the gradient flow with
diffusion and noise:

sV
0P = ~5p + D.V2P + &(x,t)
= —(P®>+aP +b) + D.V?P
+ &0, t)...... (47)

Near the cusp point (a,b) = (0,0) we perform a
center-manifold reduction. Let

P=Py+eu+0(e?)...... (48)
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which vyields the amplitude equation (after appropriate
rescaling)

ou = g;u + &u? —ud + D Vu...... (49)
where, for the chosen sign conventionand b < 0,
& =-—a,& =—b...... (50)
The normal-form coefficients evaluated at the origin are
= az—R(O,O,O) =1u,= az—R(O,O,O) =1,u;
0P da dP db

0°R
= W(O'O‘O) = 6 ...... (51)

251

which satisfy the transversality condition (nondegeneracy)

det (M1 ﬂs)

Uz Uy

(Here u, denotes the corresponding derivative needed for
the full determinant; the determinant is nonzero under the
stated normal-form assumptions.)

The equilibrium manifold is
M ={(P,a,b): P> +aP+b =0}...... (53)

Its fold lines satisfy the conditions for multiple roots; for
a < 0 the fold locations in P are

H+

b, = F2(- g) ...... (55)
The cusp point is located at
(a,b,P) = (0,0,0)...... (56)
The catastrophe germ (lowest-order singular term) is
Vo(P) = P*...... (57)

which has codimension cod(V,;) =2 and unfolding
dimension

dimU = 2...... (58)
The universal unfolding of the germ is
V(P;a,b) = P* +aP? + bP...... (59)

The Maxwell set (hysteresis boundary) (Tu et al., 2016;
Grech et al., 2020; Lu et al., 2026) is given by

M ax ={(a,b) € B:V(P.(a,b);a,b)
=V(P_(a,b);a,b)}...... (60)

which marks locations in parameter space where the two
stable branches have equal potential and the system can
jump between them.

The delay set (separating delayed from catastrophic
transitions) is

D ={(a,b):b = —; 2a%? sgn(a)}...... (61)

written here in the form consistent with the standard cusp-
delay expression; this curve distinguishes parameters
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yielding delayed bifurcation behavior from those
producing immediate catastrophic transitions.

For the spatiotemporal extension, a higher-order
unfolding leads to the Swift-Hohenberg-type equation
(Morgan & Dawes, 2014; Monteiro & Yoshinaga,
2020; Medvedev & Pelinovsky, 2023; Kolonitskii et
al., 2024):

9P =1P— (1+V?)?2P—P3...... (62)
with the control parameter r proportional to —a.
A Lyapunov functional (energy) for the gradient
dynamics is
L[P] = fn E|VP|2 +%P4 +%aP2
+ bP] dx...... (63)

for which the gradient flow satisfies
0.P = 0 64
P =g (64)

We can parameterize the flow in control-parameter
space ¢ = (a,b,P)T € R3 via a gradient-catastrophe
(stream-tube) flow (Figure 3):

dc
— ==V V... (65)

with an effective potential that enforces targets
(atarget' btarget)l

1., 1 1
Veff(a,b,P)=ZP +§aP +bP+z/1a(a

, 1
- atarget) + E Ab (b
— Brgel)?e- - (66)

The tubular neighborhood of the bifurcation manifold
is represented by

T(s,0,1) =y(s) +rcos 8 ny(s)
+ rsin 8 n,(s)...... (67)

where y(s) = (a(s),b(s),P(s)) is the cusp curve

parameterized by arc length s, with arc-length
derivative norm

a_ ||d—y|| ...... (68)
ds ds
and nq, n, are the Frenet normal vectors satisfying
dn, n,
T —Ki t+ K, nZ'E = —KyNg.unnn. (69)

where t is the unit tangent, x; = ||d?y/ds?|| is the
curvature, and k., is the torsion.

To avoid the Frenet-frame singularity at the cusp, one
may use the parallel-transport (Bishop) frame
{t, es, e,} with

de;

ktdez— k,t 70
ds_ 1,ds— 2L ( )

and the constraint

A typical tube radius that decays away from the cusp
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at s, can be taken as
7(s) = roexp(—Als — sc|)...... (72)
The Jacobian of the tube map is

J = 10,T X 0gT|| = |ly'(s) X (rcos @ n, + rsin 6 n,)||
+72||Iny X ny|l...... (73)

so the volume element is
dV =]dsdfdr...... (74)

The flow velocity field inside the tube is decomposed in the
local orthonormal directions e, eg, e,

u(s,6,r) = (dic-e5) es + (dic - eg) eg + (dsc
c€p) €pnnnn. (75)
with
o.T 05T 8.T
e, = ,eg = Ll = ——— ... 76
s =T8T % = e e a7

The divergence of the flow in tube coordinates is

1
V-u= 7(65(]u5) + dg(Jug) + 0,Ju,))...... (77)
A passive scalar @(s,8,r,t) defining the tube boundary
obeys the transport (stream-tube) equation
0;+u-Vd =0...... (78)

with the tube boundary defined by &(s,0,r,t) = 0. The
characteristic equations for trajectories inside the tube are

e dt ug dt

ds_ "'de  rdr
The Poincaré map on a tube cross-section X =
{(s0,0,7):0<0 <2m,0 <71 <r(sy}is

P:Z > % Xp41 =P(xp)ee-.. (80)

Fixed points satisfy P(x*) = x*, and stability is determined
by the eigenvalues of the Jacobian DP(x*). The Floquet
multipliers u; (Choi et al., 2019; Subramanian et al., 2020;
El Aroudi et al., 2021; Kengne et al., 2023) obey

where T is the return time of the Poincaré map.

For the cusp catastrophe, the return time T diverges near
the bifurcation as

T ~|A|7Y2...... (82)

The tube cross-sectional area A(s) = mr(s)? evolves
according to

In the incompressible case (V- u = 0) this reduces to the
conservation relation

A(s) us(s) = A(sp) us(sg)-----.. (84)
The topological entropy of the tube flow is

1
hiop = lim ~logN(n)......(85)



where N(n) counts distinct periodic orbits of period
n. The escape rate from the tube is

- i 11 N(0)

ETER T8 NG

where N(t) is the number of trajectories remaining
inside the tube at time t.

The fractal dimension of the tube boundary (Kaplan-
Yorke type relation for a 2D unstable manifold)
(Constantin & Foias, 1985; Nichols et al., 2003) is

where 4, > 0 > A, are the Lyapunov exponents. For
the canonical cusp example cited in the original text
(with the given exponents), one obtains

Df=2—>=15......(88)

Price P (USD)

Distance from Cusp |Va? +b?|

Figure 3: Bifurcation flow tubes in price-catastrophe
space

Information geometry & Fisher-Rao metric on
market statistical manifolds

Each market is represented as a point on a statistical
manifold M parameterized by 6 = (u,0,H)T € R3.
The price distribution is the generalized hyperbolic
density
f(P;0)
“Zhendy @+

T 4 )

_ #)2)%—)L KA—% (m) ePP-1 .. (89)

with

where K; denotes the modified Bessel function of the
second kind. The special case 1 = —2 reduces this

family to the normal inverse Gaussian (NIG)
distribution. (Any parameters «, 8 are assumed set
consistently with 6.)

The log-likelihood is
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2(P; 0) =log f(P;0)...... (92)
The score function (gradient of the log-likelihood) is
9,
u(P;0) =V £(P;0) = | 0,¢ |...... (93)
oyt

The Fisher information matrix defines a Riemannian metric
on M:

9ij(0) = Eg[0;¢ 0;¢] = —Eg[0;0;¢],1,j

with explicit components (notation: g,,, 9ss) gun, €tc.)
given by

2 62 K1(6Y)
guu(g) = IE[(@,M) ] = ?Kz((ﬁ/) ...... (95)
- _1 62 K, (8y)
9o (0) = E[(96)*] = —[1+ 3y_21<3(5 )] ...... (96)

9un(8) = E[(0y£)?]
=2n?+ YO -H)-ypOH

1
+ I (97)
where ¥© is the digamma function, and mixed

components

g,u(r(g) = ga,u(g) = IE[a,u.{) 60{)]
~ "kGn)
= —g'ﬁ

Jun(0) = guu(0) =0...... (99)

9ou(0) = gys(6) =0...... (100)

the last equalities following from parameter orthogonality
assumptions.

The determinant of the metric is
g(0) = det(g;;(6))
= 9uu Yoo Guu — gﬁa GuH- -+ (101)

The Fisher-Rao metric induces the infinitesimal squared
distance

ij=1
Geodesics 6% (t) on M satisfy the geodesic equation

d*o + Tk 4ot do/ =0 103
e Vg a0 (103)
where the Christoffel symbols (Levi-Civita connection) are

1

re; = > ¥ (:gj0 + 0,910 — 0,9i))- ... (104)

and g** denotes the inverse metric.

The geodesic distance between two markets with
parameters 6; and 6; is the minimal path length
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dg(6:,6;)

- inf ! oeeyy 90% d6 Lo
= [ feaEen TG dse (109)
6(0)=6;,6(1)=6;

The exponential map at 6 is defined by

expg(v) = y(D)...... (106)

where y is the geodesic with y(0) = 8 and y(0) = v.
The logarithmic map logg is the local inverse:

logg(8") = v such that expg(v) = 6'...... (107)

The Kullback-Leibler (KL) divergence between two
market densities f(-; 8;) and f(-; 6;) is

* P; 91’
PGl = [ f@ ei)logﬁp.gg
—o0 ’ ]

= Eg,[£(P; 6;)
—£(P;6))]......(108)

dpP

The Jeffreys divergence (symmetrized KL) is

D;(0,)) = Dx(fill £) + Dk (S lIfD)- - (109)

The squared Hellinger distance is
o1
=5 [ - [

=1—f \/Ffjdp ...... (110)

The Bhattacharyya coefficient and distance (Nielsen,
2014; Jalali Mojahed et al., 2024; Huang, 2026) are

BC(i,j) = f \/f?, dP = e PG | (111)

Dy(i,j) = —log BC(i, j)...... (112)

Define a market-efficiency density on M via the heat
kernel centered at a reference market 6,:

Pesr(6, t)
1 d2(6,6,)

B (4mt)™/2 \[detg(8) exp ( 4t
=dim(M) = 3...... (113)

The Laplace-Beltrami operator on (M, g) is

), n

1 .
Ay = ——= 0; (detg g"9))...... (114)

J/ detg

Spectral decomposition of A, yields eigenfunctions
and eigenvalues:

Ag(pk = @ 0=21; <Ay <A, < -eeee (115)

with orthonormality

f Pk () 0o () ydetg(6) df = Gy, -+ -+ (116)

The heat kernel admits the expansion

K©,0,0)= ) e 9(6) py(6) - (117)
k=0

Minakshisundaram-Pleijel  asymptotic  expansion
(diagonal heat kernel) (Briining & Heintze, 1984;
Bytsenko & Williams, 1999; Colin de Verdiere et al.,

42

2021)ast 1l 0is

[oe]

1
K(6,6,t) ~Wz Ay () t™ -+ - (118)

m=0

with
ag(8) =1 (119)
1
a,(0) = A R(O) - (120)
where R(6) = g”/R;; is the scalar curvature and R;; is the
Ricci tensor.
The Ricci curvature components are given by
Rij = 0, T ij — 9;T* o + T ;%
-1 ik[‘k ot (121)

The sectional curvature of the plane spanned by tangent
vectors u, v is
Ryji u'v/ukv?
K(u,‘u): e (122)
(GixGje — Giegji) wviukv

where Ry, is the Riemann curvature tensor.

For n = 2 the Gaussian curvature can be written as

R1212

K.=—%% ... (123)
¢ 911922 — g%z

The Riemannian volume form is

dV = ,/detg(8) du do dH -+ --- (124)

The total volume of the manifold (when finite) (Figure 4) is

V(M):f Jdetg (@) d@ -+ -+ (125)
M

Under a Gaussian approximation the differential entropy of
the model at 0 satisfies

5@ =- [ r(pi6yogs(pi6) ap
= %log det(2me g=1(8)) -+ - (126)

The Cramér-Rao lower bound for any unbiased estimator 8
is the matrix inequality

Cov(d) = g~1(8) -+ - (127)
The natural gradient (Amari’s natural gradient) of a scalar
objective J(0) is
V=gtV (128)
The Amari-Chentsov third-order tensor (Bravetti et al.,
2026; Cheng & Tong, 2026a; Wada & Scarfone, 2026) is
Tijk = IE[aL‘E ajf akl’] “““ (129)
From Ty, one defines the family of a-connections
2a
3
where  Tjj = reT? ;j are the metric connection
components written with lowered index; for « = 0 this

reduces to the Levi—Civita connection (Can & Tekin, 2026;
Farouk et al., 2023; Manev, 2023; Washburn et al., 2026):

r@ i = Tijie — Tijg -+ -+ (130)



V= Levi--Civita---+-(131)

The manifold (M, g, V®, V() is dually flat when
a==11 on appropriate submanifolds; e-flat
submanifolds correspond to exponential families
while m-flat submanifolds correspond to mixture
families.

A divergence function associated to a can be written
(one common form) as

1—a
D@ (pllq) =——(1
l1-a 1+a
_f p2qz dP)-- (132)

which recovers standard divergences for particular a-
values (this formula is presented here in a
conventional normalized form; other equivalent
normalizations appear in the literature).

A Bregman divergence generated by a convex
function F is

De(pllq) = F(p) — F(q) —(VF(q),p
—q) e (133)

Finally, a market efficiency index for market i may
be defined from pairwise divergences to other
markets:

M= 14wy D) (134)
j#i
with weights chosen as heat-kernel (Gaussian)
weights on the manifold, for example
d%(6.6))
202

w;; = exp (— )+ (135)

o
=
H (Hurst)

60
/I/Pr,(.e) 70

80

Figure 4: Fisher-Rao metric density in statistical
manifold

Koopman operator spectral decomposition of
nonlinear market dynamics

The nonlinear price dynamics are given by
Peyy = F(Py,S) e (136)
with F:X — X and state space X c RY (here N =
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400 markets). These dynamics are embedded into the
infinite-dimensional Hilbert space H = L?(X,u) via the
Koopman operator K: H — H defined by

K(p:(poF ...... (137)

for any observable ¢ € H, where u is the invariant measure
satisfying

u(F~Y(E)) = u(E) for all measurable E € X «+ - (138)
The Koopman operator is linear:
K(c11 + c202) = 1K1 + 2Ky oo (139)
and, for measure-preserving F, bounded with
K| < 10 (140)
The eigenvalue problem for K is

Ky = Ay o - (141)
with |4, | < 1, Y, € H, and orthonormality

o)y = f Yo di = 8p -+ (142)
X

The eigenvalues are ordered as
1= = 4] = |4 = (143)
with 4, = 1 corresponding to the invariant density ¥, = 1.

For any observable ¢, the Koopman mode decomposition is

where the Koopman modes are

b = (@, Py -+ (145)

For vector observables g:X — R™ the decomposition
becomes

where &, € R™ are vector-valued Koopman modes.

Finite-rank approximations are commonly computed using
Dynamic Mode Decomposition (DMD). Given snapshot
matrices

X =[Py, Py, .., Pp_1] € RN*™ Y = [P}, P,, ..., Py]
€ RVxm ...... (147)

the DMD matrix is
Komp = Yyxt.... (148)

where Xt is the Moore-Penrose pseudoinverse (Bin
Jebreen, 2019; Stanojevi¢ et al., 2022; Liu et al., 2024;
Luo, 2026). The eigen decomposition

KpmpWi = AWy =+ =+ (149)

yields eigenvalues 4, and eigenvectors wy,. The exact DMD
modes are

¢y = lﬁlyvk ...... (150)

where v, are right singular vectors of X. A reconstruction is
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with coefficients
by = (Po, Wi ).+ -+ (152)

Extended DMD (EDMD) uses a dictionary of
observables ®(P) = [¢,(P), ..., o (P)]". Define the
feature matrix

Wij = @j(P) -+ (153)

Then the EDMD operator approximation is

where (W*);; = ¢ (Piy1).

Kernel DMD forms kernel (Gram) matrices and uses
them to compute the operator. For kernel k(x,y) =
exp (=[x — y|1?/(20?)) define

(Kxx)ij = k(Pi'Pj)' (ny)ij = k(Pi'Pj+1) """ (155)
Then
Kiemel = nyKx_x1 """ (156)

For continuous-time systems one defines the
Koopman generator L by

t

L =lim _
t-0

e (157)

which satisfies

Ly = log(Ay) Py -+ (158)
For an SDE
dP = F(P) dt + £(P) dW
the infinitesimal generator takes the form

N
L_ZFP 0
i=1 N

! X (P o 159
+§_Z i ( )W“""( )
i,j=1

The spectral expansion of the transfer (Perron-
Frobenius) operator P; is

[ee]

Pp() = ) €M o, Py i (x) - (160)

k=0

where P, is dual to K¢, A, = logA, are eigenvalues
of L, and ¢, are right/left eigenfunctions
satisfying the biorthogonality condition

(P W)y = G-+ (161)

The Koopman-EDMD algorithm can be summarized
as:

i. collect snapshots {P;}7L,,
ii. construct W and ¥,
iii. compute SVD ¥ = UZV™,
iv. truncate at rank r,

V. compute
44

K=U;9*Vz 1o (162)

vi. eigen-decompose Kw,, = A, wy,

vii. compute modes ¢, = U,wy,.

The prediction for a feature vector z(t) is

With b= q)TZO.

Hankel-DMD constructs a Hankel matrix from delay
embeddings. Form the Hankel matrix

H = [ho, hl’ ...,hm_-,_—] """ (164)
with delay-embedded columns
hi = [9(P), 9(Pi1), s G(Pir-]T,
and apply DMD to H.
Spectral properties: the essential spectral radius is defined
by
Tes(K) = lim [[K™ |Gl -+ - (165)

€ss

For mixing systems one has |4, <1 for k=1, and
correlations decay according to

C(p,ll} (t) = ((P, Ktlp),u. - <(P, 1);1(1!)' 1);1.

[oe]

The mixing time is

o= v (167
Tmlx logllll ( )

Koopman eigenfunctions provide invariant coordinates: if

Y (Pe) = i (Po) -+ -+ (168)

then P, evolves linearly in the eigenfunction basis. The
isosurfaces ¥, (P) = c partition state space into invariant
(or approximately invariant) sets.

For 3D visualization (Figure 5) we project onto coordinates
(P,V,I) and compute the dominant eigenfunction vy, via
EDMD using polynomial observables

@i (P,V,I) =PVIl*fori+j+k <3 (169)
The feature matrix is

Ve = Qp(xn), % = (B, Vo, ) -+ -+ (170)

(When using EDMD the matrix approximation is computed
as above.) The eigenfunction is reconstructed as

M

Yo = ) appe(@) - (171)

£=1
where v, is the eigenvector of the EDMD matrix K.

Iso-surface extraction uses marching cubes on a regular
grid G c R® with values 1, (x;;,) at grid points. The level
set

Se={x e R%:y (x) =c} (172)

is approximated by a triangulated mesh M, with vertices v,



and faces F,.

The mesh Laplacian L, is defined by

-1 (,q) EE -+ (173)

deg(p) p=gq
Lpq =
0 otherwise,

where E denotes the set of mesh edges.

The discrete (angle-based) curvature at vertex p is

where 6,, are the angles around vertex p between
adjacent faces. The Gaussian curvature integrated
over the surface is

1
K; = _f KdA- - (175)
Aly

c

with A the total area of M. The mean curvature is

H= %(k1 + ky) o (176)

where k,,k, are the principal curvatures. The
Willmore energy is

W = H2dA--- - (177)
M

Spectral mesh decomposition uses eigenfunctions of
the mesh Laplacian:

Lfi = wific - (178)
with
0=po <py Spp <o (179)

The mesh Fourier coefficients (Rysbaiuly et al.,
2022) are

Fe=A(f. fida--- (180)

where A denotes the diagonal area matrix used for the
inner product. The reconstruction is

0.5

ot
o

I (normalized)

-0.5

-1

o
»
(nory Malize ) g 2 =2

Figure 5: Koopman eigenfunction isosurfaces of
market modes
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Percolation theory and network contagion in rural
market hierarchies

We model the rural market system as a random geometric
graph G = (V,E) where the vertex set V ={1,..,N}
represents N = 400 markets and the edge set is

E={{)): =P <& (182)

with Euclidean geographic distance

geo(6)) = [ = )7 + O =)= (183)
The occupation (connection) probability as a function of
price threshold & is

1 .
p(®) = mz 1(P; = P < 8) 1(dgeo (i, ))
i#]

< R) e (184)

The order parameter is the relative size of the largest
connected component in the thermodynamic limit,

|Cmaxl ..
N

Fo(p) = lim -+ (185)

where Cp.x 1S the largest connected component. Near the
critical threshold p,,

Po(p) ~ (0 = p)F asp — pk -+ (186)
with the two-dimensional percolation exponent g = %

The correlation length diverges as
§@) ~Ip—p|™ (187)

with v = g The susceptibility, defined via the cluster-size
distribution ns(p) (number of clusters of size s), behaves as

with y = g

The fractal dimension of the percolating cluster at criticality
is

szz—gz— ...... (189)

Cluster-number scaling follows

ns(p) ~ s f((p = pc)s?) -+ (190)

. 187 36
witht=—and o ==
91 91

Hyper-scaling relations in dimension d (here d = 2)
include

Dy =d _g - (191)

y+28=dv--- (192)
2—a=dv---- (193)

Markets are stratified into L = 4 socioeconomic layers by
income quartiles. Define

Vo={i:Qp s <L, < Qbf=1,.. 4 (194)

where Q, are the quartile boundaries and I; is market i’s
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income. For each layer ¢ the intra-layer occupation
probability is

1
Pe(5)=W_1) Z 1(1P: = Bl

i#jEV,y

< E) e (195)
The layer-specific percolation threshold pf’) satisfies
PPpy =0 (196)

A renormalization-group (RG) approach defines
block variables on blocks B, of linear size b. The
block-averaged price (block "spin") is

PP = by P (withd = 2)+ (197)
i€EB;

The RG transformation R, maps p —» p'. A fixed
point p* satisfies p* = R, (p™); linearizing near p*,

p' —p* =~ Ay(p —p*),Ap = bV -+ (198)
Thus

_ logh
V= log Ay

- (199)

The Harris criterion states disorder is relevant if dv <
2. For 2D percolation (Figure 6)

so weak disorder is irrelevant. Network contagion is
modeled with SIR dynamics on G, stratified by node
degree k. Let S, (t), I, (t), R, (t) be the fractions of
susceptible, infected, and recovered nodes of degree
k. The mean-field rate equations are

d
_Sk = —lkSkG “““ (201)

dt
d
Tl = kS0 = I+ (202)
d
aRk = [ e (203)

where A4 is the infection rate (recovery rate set to 1 by
time scaling), and

is the probability that a randomly chosen neighbor is
infected.

The basic reproduction number is

R, = A(kz) (205)
° (k)
so the epidemic threshold is
_ (k)
Ac = ) (206)

For scale-free networks with P(k) ~ k=Y and

2<y <3 (207)
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(k?) - o0, hence A, — 0 and no finite epidemic threshold
exists.

Mapping SIR to bond percolation gives bond occupation
probability

p=1—e*.. (208)

where ¢ satisfies the self-consistent equation

_ kP(k) _
¢_1_Z We Ak ... ... (210)

Using generating functions,

Go(2)
Go(1)
The mean component size (finite clusters) can be expressed

via derivatives of the generating functions; evaluated at z =
1 one finds

G(2) =

1-6,(D
The percolation condition for the emergence of a giant
component is

(sy=1+ - (213)

GI(1) =1 (214)

For the random geometric graph with connection function
g() = 1(r < R,), the degree distribution is approximately
Poisson with mean

(k) = pmR2 -+ - (215)

where p = N/A is the node density (nodes per unit area).
The continuum percolation threshold is commonly given in
terms of the dimensionless parameter n = pRZ; for 2D

Ne ~ 4.512 -+ - (216)

The Molloy-Reed criterion for giant-component existence
is
(k) — 2(k) > Q-+ - (217)

The configuration model generates networks with a
prescribed degree sequence. The Watts-Strogatz model
(Song & Wang, 2014; Maier, 2019; Merenda & Bruno,
2023; Wang et al., 2026b) interpolates between a regular
lattice (prew = 0) and a random graph

Prew = 1-+ (218)

showing a small-world regime at intermediate p e,. The
clustering coefficient C is defined as

3 X number of triangles

" number of connected triples

For random geometric graphs in 2D one finds an
approximate value

44/3
C~1——~ 05865 (220)



Betweenness centrality of a wvertex v is

BC(v) = Z 05;_(”)......(221)

SEVEL st

where gy, is the number of shortest paths from s to t
and o, (v) is the number of those paths passing
through v.

The percolation backbone is the set of edges that
carry current in the infinite cluster. Its fractal
dimension in 2D is

Dy ~ 1.643 - (222)

The red bonds (singly connected edges) have fractal
dimension

1 3
Dred = ; = Z (223)

The chemical distance (shortest-path length along the
cluster) scales as

£ ~7Pmin D~ 1,130 - - (224)

The (transport) conductivity exponent i obeys the
relation fi = (d — 2)v + B; for d = 2 this gives

~—4 225

A=3 (225)
Universality: the universality class is fixed by
dimension and symmetry; all short-range 2D
percolation problems share the same critical
exponents. The conformal-field-theory  (CFT)
description of 2D percolation yields central charge
¢ = 0 and scaling dimensions

_2 A 2 226
- 4‘8’ e 4 ( )

Cluster boundaries in critical percolation are
described by Schramm-Loewner evolution (Lawler,
2007) with parameter

K=6--- (227)

The crossing probability for a rectangle of aspect
ratio L X W can be written in terms of elliptic
functions; with g = e ™'/K (where K,K' are
complete elliptic integrals with modulus k satisfying
K'/K = L/W) the crossing probability has a product
representation

Ay

=7 1+q21/2
Peross = =i (228)
n=1
Cardy’s formula for the critical crossing probability
as a function of the aspect ratio r = L/W can be

written using hypergeometric functions. With n =
1+e” 7,
(1—9‘"7) !

F/3) 15 .
2P1(2/3) n'? ,Fi(1/3,2/3; 4

/3im) -+ (229)

To visualize percolation across socioeconomic strata,
define for each layer ¢ the surface

Peross(1) =
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Su(5,1) =N%Z 1(i € Copa(8, £)) -+ -+ (230)

i€Vy

the fraction of layer ¢ nodes belonging to the largest
component at price threshold & and time t. Layer separation

AS = Sppq — Sy (231)

measures inequality in market connectivity. The Gini
coefficient for percolation-layer shares can be computed as

2 _ 1
Gzﬁz |5{,_5m|,5=zz[: Spren e (232)

L&m

The Theil index is

The Lorenz curve is

X

1 £
L(x) = E_f Sy)dy,x = AR (234)
0

Network robustness is measured by the R-value

where s(q) is the fraction of nodes in the largest
component after removing a fraction q of nodes (typically
removed in descending degree order).

The percolation transition in 2D is continuous (second-
order). The specific-heat exponent is

2
a=2—dv = —5(236)

The Fisher exponent is

The gap exponent is
A=pB+y=~2389--- (238)

A hyperscaling-like relation is written as dp = 2 — a with
p = B6/(5 + 1). For 2D percolation

5~ 9—51 =182 (239)

(quoted as 18.17 in some references). The spanning
probability at criticality for finite system size L obeys
finite-size scaling,

Popan(L) = f(( — pILYY) - (240)
and the finite-size scaling ansatz for the order parameter is
Po(p,L) = LY P((p = p L) - - (241)
The Binder cumulant for the largest-cluster magnitude is

— _ 3(|Cmax|2)
k 2(|Crnax|*)

which has the property of crossing at p. for different
system sizes L.
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® Q1 (Poorest)
Q2
Q3
Q4 (Richest)

Figure 6: Percolation threshold surfaces across
socioeconomic strata

Conclusion and perspectives

This paper presents a six-layer mathematical
synthesis for rural off-season price dynamics.

Layer 1. Fractional stochastic reaction-diffusion-
advection

Price density P = P(x,t) evolves under a stochastic
fractional reaction-diffusion-advection equation with
multiplicative noise and an anisotropic diffusion
tensor:

8P = —D(-V*)*/2P — v - VP + R(P;S)
+0(P;S) QW - - (243)

where the anisotropic diffusion tensor is
D = diag(DOe_Bthrans’Doe_BZM) ...... (244)

the fractional Laplacian (—V?)%/? has symbol |k|*
with anomalous transport exponent a € (1,2), and
the multiplicative noise is modeled as

Wi,
o(P;S) =0, PY (1 + ns;ather) woe e (245)

income

Layer II. Coupled fractional Brownian motion and
fractional Liouville equation

A network of regional prices {P;} follows coupled
fractional Brownian motion (fBm) dynamics:

dP; = y; dt + o; dBi(t) + Z Jij (P
JEN(D)
—P)dt- - (246)

where the Mandelbrot-van Ness representation of
fBmis

BHi(t) = O

— | |
[(H; + ) f—w
- (_S)Hi_%] AW (s) -+ -+ (247)

and long-range covariance satisfies

1
E[B" ()B" ()] = 5 (It|*" + s — |
— s|2H) ...... (248)
On the level of probability densities this yields a
48

fractional Liouville (fractional Fokker-Planck) equation
with Caputo time derivative:

B 1 2 T
0fp = ~Vy - (Fp)+5Vi: (827p) - (249)

where the Caputo derivative is

Layer Ill. Catastrophe theory and bifurcations

A cusp-type potential models abrupt transitions in price:
1 1
V(P;a,b) ZZP4+§aP2 + bP--- - (251)

with control parameters

S income

a=ay—a +a; Wweather! b

storage

= bo - blM + b2V2P """ (252)
The bifurcation (cusp) set is
4a3 +27b2 =0 - (253)

Near bifurcation the amplitude equation for the slow mode
u takes the form

oiu = gu + &u? —ud + D Viu - (254)
and stream-tube parameterization of bifurcation flows uses

T(s,08,r) =y(s) + rcos(8) ny(s)
+ rsin(@) n,(s) -+ -+ (255)
with a Bishop frame satisfying
d

d
gel = _klt,$ez = _kzt """ (256)

Layer 1V. Information geometry on a statistical manifold

Model prices by a parametric density f(P;6) (e.g.,
generalized hyperbolic family). The Fisher-Rao metric is

9:;(0) = —Eg[0;0;£(0)] --- - (257)
where £(6) = log f(P; 8). Geodesics satisfy
d*ek k detde’
+ I _— =
dt? Yodt dt
with Christoffel symbols

1
I = Egkl(aigjl + 0594 — 01945) -+ -+ (259)

The Kullback-Leibler divergence between two densities is

and the short-time heat kernel (effective density) on the
manifold is approximated by

2

_n 1/ d;
Pere(6, 1) = (4mt) "2 (detg) /?exp (—4—t)"""(261)

where d, is the geodesic distance and R = g”/R;; denotes
scalar curvature.



Layer V. Koopman operator spectral theory and
modal decompositions

The Koopman operator K acts on observables ¢ by
composition K¢ = ¢ oF. Eigenfunctions and
eigenvalues solve

K = L, | Age| < Leeeeee (262)

A finite-dimensional reconstruction using r modes is

In Extended Dynamic Mode Decomposition (EDMD)
the matrix approximation is

K~ Wty ... (264)

while the generator of continuous dynamics takes the
form

Iso-surface extraction uses

SC = {x:ll)l(x) = C} ...... (266)
with mesh Laplacian entries L,, and Willmore
energy

w =f HZdA - (267)

where H is mean curvature.

Layer VI. Percolation theory on random geometric
graphs

Construct a price similarity graph G = (V,E) with
occupation probability based on pairwise price
closeness and geographic proximity:

5) = ! 1 5) 1(d
p()—m; (1P, = P,| < 6) 1(dyeo

< Rp) oo (268)

The giant-component order parameter near criticality
scales as

Pu(p) ~ 0 — pc)P -+ -+ (269)

with percolation critical exponent g = % correlation
length
§@) ~ Ip = pl ™ v =5 (270)
susceptibility
B 43
x(@) ~lp—pcly =75 (271)
18
and fractal dimension

Df:2—§=_1 ...... (272)

SIR-type contagion on the network for nodal
infection fraction p,, follows
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dpy _
- Pt At (1 = pi) O(Aegp) - (273)
with epidemic threshold
_ (k)
¢ = W -~ (274)

Stacked percolation surfaces across income quartiles V, are
defined by

Sgca,t)=Ni€Z 1(i € G (8,8)) -+ (275)

i€V,
Integrated interpretation

The integration shows rural price volatility arises from
interacting mechanisms:  fractional transport  with
anomalous exponent « € (1,2) (Layer 1), catastrophic
transitions across the bifurcation manifold

B = {(a,b): 4a® + 27b% = 0} ------ (276)

geometric information divergence on a Riemannian
manifold (M, g) with scalar curvature R = g”R;; (Layer
V), operator-theoretic modal decomposition via Koopman
eigenfunctions ¥, and eigenvalues A, encoding decay rates

(Layer V), and network percolation with universal critical
5 4 43

exponents (8,v,y) = (E'E'E) (Layer V1).

Visualizations

Six complementary visualizations elucidate multi-scale
structure: 3D choropleth of spatial price elevation; 4D
glyph plot of socioeconomic state vectors (P,V,I, H);
stream-tube plots of bifurcation flows in (a, b, P) space;
Fisher—-Rao metric density p.s(6) on the statistical
manifold; Koopman eigenfunction isosurfaces ¥,(x) =c¢
with mesh overlay; and stacked percolation threshold
surfaces S,(&, t) across socioeconomic strata.

Policy implications

The mathematical structure suggests policy levers and
diagnostics:

i. Increasing storage Sstorage shifts control parameter a =
Ao — alsstorage/sincome + a; Wweather away from the cusp set
{4a® + 27b? = 0}, reducing catastrophic price jumps. (See
(252) and (253).)

ii. Income stabilization contracts Fisher—Rao geodesic

distances d, (8;, 8;), promoting information efficiency and
convergence toward the invariant measure p.

iii. Regulating market connectivity adjusts the percolation
threshold p, and the epidemic reproduction number R, =
A{k?)/(k), mitigating systemic contagion.

iv. Mapping the spatial Hurst exponent field H(x) locates
regions of persistent volatility for targeted intervention
(Layer I1).

v. The Koopman spectral gap 1 — |1, ] quantifies intrinsic

mixing rates and the timescale over which policies will
affect dynamics (Layer V).

Future directions

Possible extensions include:

i. Variable-order fractional Laplacian (—V?)*®)/2 to
capture spatially heterogeneous transport infrastructure.
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ii. Incorporating Lévy flights with heavy-tailed
jump measure v(dy) ~ |y|~%"% dy for extreme-
event modeling.

iii. Developing deep-Koopman architectures using
neural-network observables ¢;(P; 6xx) for high-
dimensional embeddings.

iv. Applying conformal bootstrap methods (from ¢ =
0 minimal models) to compute percolation
observables non-perturbatively.

Generalizability

The framework generalizes to other agricultural
commodities, climate adaptation scenarios, and
developing-economy  market  structures  where
fractional dynamics, critical transitions, information
asymmetry, operator modes, and network contagion
jointly determine socioeconomic outcomes.
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